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SPLASH TRANSITION FOR A DROP IMPACTING A DRY SUBSTRATE: POTENTIAL FLOW THEORY

Wetted radius A(t)?

Questions to solve using potential flow theory

Ejection time Te?

Thickess of the lamella Ht(t)?

Velocity of the lamella Vt(t)?



WETTED RADIUS A(T) CALCULATED USING THE WAGNER CONDITION
Which is nothing but the interfacial kinematic boundary condition integrated in time using the analytical velocity field 
obtained solving the Laplace equation subjected to the far field boundary condition, which expresses that the velocity is
uniform and equal to V, to the impenetrability B.C. and to the B.C. for the velocity potential  at the free interface deduced 
by means of the Bernoulli equation in the limit t<<1 namely, neglecting the contribution of the kinetic energy per unit volume. 
This equation provides the time at which  a point in a fixed radial position of a parabola i.e. the shape of the drop near the 
minimum, reaches the wall. 

However, the solution for the velocity field at the free interface is not uniformly valid because it diverges for 𝒓 ≈ 𝒂 where

𝒖 ≈ −(𝟏/𝝅) 𝟐𝒂/𝒙), with r=a+x and 𝒙 ≪ 𝟏. Hence, in a region close to the wetted radius, the term 𝝆|𝛁ϕ|2/2 needs to be 
retained in the Euler-Bernoulli equation.

The solution of the Laplace equation, provides with the 
Following expression for the velocity at the free interface

V



Vt USING THE EULER BERNOULLI EQUATION IN THE MOVING FRAME OF REFERENCE
Expresses that, since the flow is quasi steady in the region of legth Ht, the modulus of the velocity in the frame of reference 
moving with the velocity da/dt is conserved along the free surface, which is a streamline, and that the maximum pressure, 
which is the stagnation pressure, is attained at a distance ~Ht from the root of the lamella

Vt = ሶ𝒂 V= 𝟑/𝟒𝒕

In the moving frame of reference the liquid velocity within
the lamella is

In the laboratory frame of reference the liquid velocity within
the lamella is Vt = ሶ𝟐𝒂 V= 𝟑/𝒕

Finally, the thickness of the lamella is deduced by mass conservation,
imposing that the flow rate through the lamella, in the inner region, 
is the one is posed by the outer solution at the root of the lamella:

Vt = ሶ𝒂 V

Vt = ሶ𝒂 𝑽
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OUR DESCRIPTION RATIONALIZES THE EXPERIMENTS REPORTED ON THE SPLASH 
TRANSITION FOR ARBITRARY VALUES OF THE ATMOSPHERIC PRESSURE AND ALSO 
PERMITS TO PREDICT THE DIAMETERS AND VELOCITIES OF THE DROPS EJECTED WHEN 
V>V*



De Ruiter et al, Nat. Phys. 2015

Chantelot and Lohse, JFM 2021

hm???

hd=C St-2/3 hd
hm??



OUR MECHANISM: The liquid does not touch the wall thanks to the classical lubrication 
mechanism in the slightly convergent geometry formed between the liquid and the wall near 
the minimum: the Couette flow in the moving frame of reference balances the Poiseuille 
flow induced by the pressure gradient calculated at the region where the pressure is 
maximum:

WE NEED TO KNOW THE VALUE OF THE PRESSURE GRADIENT (POISEUILLE FLOW) AT THE MINIMUM HEIGHT AS 
WELL AS THE TANGENTIAL VELOCITY (COUETTE FLOW) AT THIS LOCATION AS WELL.

OUR THEORY FOR THE SCALING OF hm DIFFERS FROM THE CLASSICAL RESULTS OF MANDRE AND BRENNER, PRL 
2009 AND JFM 2012

WE OBTAIN hm FROM THE MASS BALANCE:



Liquid pressure and velocity at the periphery of 
the entrapped bubble using potential flow theory

Maximum liquid pressure is attained at a distance from the axis of symmetry:

Tangential liquid velocity where the maximum pressure is attained

Maximum pressure

Length along which pressure changes of the order of pm  take place when 
capillary effects are negligible

When capillary effects cannot be neglected, 
pressure changes take place in a length given by 

Potential flow expressions particularized at the instant t=C St-2/3 at which the central bubble is entrapped
𝑺𝒕 = 𝝆𝑽𝑹/𝝁𝒂 

𝑎𝑚 = 3𝐶𝜏 𝑆𝑡−1/3



Inertial regime

Capillary regime

The purely numerical (not theoretical) results by Duchemin 
and Josserand

published in PoF 2011 follow our prediction



Mandre & Brenner and
Chantelot and Lohse

Gordillo and Riboux

Capillary scaling

Inertial scaling

Capillary

Inertial



EXPERIMENTAL EVIDENCE AND NUMERICAL SIMULATIONS 
USING GERRIS BY POPINET

E Ghabache; A Antkowiak; C 
Josserand; T Séon; Physics of 
Fluids 2014, 26, 

NUMERICAL SIMULATIONS 
REVEAL THAT CAPILLARY 

WAVES DEFORM THE INITIAL 
SPHERICAL BUBBLE INTRO A 

TRUNCATED CONICAL SURFACE 
AND A JET IS PRODUCED

The bursting of a ~10 micron 
bubble in water generates a 
~100 nm jet flowing with a 
speed larger than 100 m/s



CLASSICAL DESCRIPTION OF THESE JETS: INERTIO-CAPILLARY BALANCE

CONSTANT

LONG JETS
ARE GENERATED,

AND THIS IS 
INCONSISTENT

WITH A 
DESCRIPTION IN 

WHICH 
CAPILLARY AND 
INERTIA ARE IN 

BALANCE: 
ANYWAY, WE 

CHECK IF THIS 
BALANCE HOLDS



… AS IT COULD HAVE BEEN ANTICIPATED IN VIEW OF THE 
FACT THAT THE JETS ARE LONG, THIS PHYSICAL PICTURE 
CANNOT BE CORRECT BECAUSE THE WEBER NUMBER IS 

MUCH LARGER THAN UNITY AND, MOST IMPORTANTLY IT 
DEPENDS ON TIME!



UNIFIED PURELY INERTIAL FRAMEWORK, WHICH 
DIVIDES THE JET EJECTION PROCESS IN TWO STAGES:

1.- ACCELERATION STAGE: FIXES THE VALUE OF THE FLOW RATE PER UNIT LENGTH DRIVING 
THE COLLAPSE OF THE CAVITY AND ALSO THE INITIAL SHAPE OF THE CAVITY, NAMELY

2.- JET EJECTION STAGE: THE FLOW RATE PER UNIT LENGTH REMAINS CONSTANT IN TIME 
BECAUSE OF THE LIQUID INERTIA AND THE SHORT TIME SCALE DURING WHICH THE JET IS 
EJECTED



JET EJECTION STAGE: ONCE THE FLOW RATE AND THE INITIAL 
SHAPE OF THE COLLAPSING CAVITY ARE KNOWN

rjet(), zjet() AND vjet()

THE SPATIO-TEMPORAL EVOLUTION 
OF THE JET AND  OF  THE DROPS 

EJECTED  CAN BE EXPLICITLY 
CALCULATED IN TERMS OF



ANALYTICAL DESCRIPTION OF  rjet(), zjet() AND ujet() 
FOR THE CASE OF SLENDER CAVITIES: THE ANALOGY WITH A DROP 

IMPACTING A WALL IS THAT THE AXISYMMETRIC JET IS PRODUCED AS A 
CONSEQUENCE OF AN AXISYMMETRIC FLOW IMPACTING THE AXIS!

1.-SOLUTION OF THE LAPLACE EQUATION AS A DISTRIBUTION OF SINKS AT THE AXIS OF SYMMETRY 
THE STRENG OF THE SINKS IS GIVEN BY THE CONDITION THAT THE AXIAL VELOCITIES ALONG THE 

INTERFACE ARE ZERO

V

DROP IMPACT
AXISYMMETRIC WORTHINGTON JET

=0

𝛛𝝓/𝝏𝒓 = 𝟎

=0

𝛛𝝓/𝝏𝒛 = 𝟎



2.-KINEMATIC B.C IN 
ORDER TO DETERMINE 
WHEN THE INTERFACE 
REACHES THE AXIS OF 

SYMMETRY

Conical slender cavities:

Parabolic cavities:

WE FOLLOW THE SAME STEPS AS FOR THE IMPACT OF A DROP ON A WALL 
ANALYTICAL DESCRIPTION OF  rjet(), zjet() AND vjet() 

FOR THE CASE OF SLENDER CAVITIES



WE FOLLOW THE SAME STEPS AS FOR THE IMPACT OF A DROP ON A WALL 
ANALYTICAL DESCRIPTION OF  rjet(), zjet() AND vjet() 

FOR THE CASE OF SLENDER CAVITIES

3.-EULER-BERNOULLI EQUATION IN THE FRAME OF REFERENCE 
MOVING WITH THE VELOCITY AT WHICH THE CAVITY COLLAPSES 
IN THE VERTICAL DIRECTION: THE MODULUS OF THE VELOCITY IS 
CONSTANT ALONG THE FREE SURFACE IN THE MOVING FRAME OF 

REFERENCE

4.-THE FLOW RATE IN THE JET MUST BE THE ONE IMPOSED AT THE FAR 
FIELD OF THE INNER REGION, NAMELY, THE FLOW RATE OF THE OUTER 

REGION AT THE BASE OF THE JET



Pink lines, inertio-capillary balance:

COMPARISON BETWEEN NUMERICAL SIMULATIONS AND PREDICTIONS
BUBBLE BURSTING JETS: CONICAL CAVITIES

For <<1, the purely 
inertial 

description predicts 
extremely similar 

exponents to those 
characterizing an 
Inertio-Capillary 

balance



PARABOLIC CAVITIES…

Jet speed exceeds 1000 m/s





WORTHINGTON JETS FOR THE CASE OF PARABOLIC CAVITIES



MORE DETAILS IN



THANK YOU FOR YOUR ATTENTION!

THE SPLASH OF A DROP IMPACTING A WALL AND THE EJECTION 
OF WORTHINGTON JETS CAN BE DESCRIBED USING THE SAME 
THEORETICAL FRAMEWORK. IN THE CASE OF DROPS, THE NON 
IMPENETRABILITY CONDITION IS IMPOSED AT AN HORIZONTAL 
PLANE I.E, THE WETTED AREA OF THE SOLID, WHEREAS FOR THE 
CASE OF WORTHINGTON JETS, THE IMPENETRABILITY 
CONDITION FOR THE RADIAL FAR FIELD FLOW IS IMPOSED AT 
THE AXIS OF SYMMETRY. 

THESE TWO DIFFERENT PHYSICAL SITUATIONS ARE, 
CONCEPTUALLY, THE SAME MATHEMATICAL PROBLEM BUT WITH 
A DIFFERENT TYPE OF SYMMETRY.



THE EJECTION TIME IS THE INSTANT AT WHICH THE DECELERATION OF THE 
TIP OF THE LAMELLA CAUSED BY CAPILLARITY AND VISCOSITY IS SMALLER 
THAN THE ONE ASSOCIATED WITH THE WETTING OF THE SOLID, ሷ𝒂

THE SPLASH TRANSITION TAKES PLACE WHEN THE VERTICAL VELOCITY OF THE EDGE OF THE LAMELLA CAUSED 
BY THE LIFT FORCE IS LARGER THAN THE RADIAL VELOCITY CAUSED BY THE CAPILLARY RETRACTION OF THE EDGE 
OF THE LAMELLA

EJECTION TIME AND THE SPLASH CRITERION





COMPARISON BETWEEN NUMERICAL SIMULATIONS AND PREDICTIONS, 
BUBBLE BURSTING JETS-IV

Initial values of the jet radius and velocity 
when a bubble is entrapped: limited by viscosity if 
axisymmetry is preserved



They reported experiments showing that 
the spreading front lifts-off away from 

the surface



The lift-off instability, even when the liquid evaporates, can also be 
explained using the same framework because

Then, mass conservation at the thin film implies that



Comparison 
between 

the calculated time-
varying 

minimum gas film 
thickness 

and the predictions
for different values 

of We and St



INFLUENCE OF SUBSTRATE ROUGHNESS AND WETTABILITY



OUR DESCRIPTION RATIONALIZES THE EXPERIMENTS REPORTED IN PRL AND ALSO THE
INFLUENCE OF THE SURROUNDING ATMOSPHERE:
SPREADING-SPLASHING-SPREADING TRANSITION

CONDITION FOR SPLASH TRANSITION ONCE THE
LIFT FORCE IS CALCULATED INTEGRATING THE
PRESSURE DISTRIBUTION AT THE LAMELLA

WHICH DEPENDS ON THE RATIO BETWEEN THE
SLIP LENGTH AND THE THICKNESS OF THE LAMELLA



INFLUENCE OF ELECTRIC CHARGE AND SUBSTRATE PERMITTIVITY

USING OUR RESULTS ONCE THE EFFECT OF THE ELECTRIC FORCE, WHICH POINTS
IN THE OPPOSITE DIRECTION TO THAT OF LIFT, IS ADDED

THE AUTHORS FIND AN 
EXCELLENT MATCH 

BETWEEN 
OBSERVATIONS AND 

PREDICTIONS ONCE THE
ELECTRIC FORCE IS 

INCLUDED IN OUR SPLASH 
MODEL





CONSTANT FLOW RATE AT THE COLLAPSE STAGE IMPLIES SELF-
SIMILARITY, BUT NOT OF INERTIO-CAPILLARY TYPE

FOR THE CASE OF CONICAL 
CAVITIES



ANY OF THE INFINITE FAMILY OF SELF-SIMILAR SOLUTIONS
PREDICT THE EXISTENCE OF A LONG JET… AS IT COULD HAVE BEEN
ANTICIPATED FROM THE EXPERIMENTAL EVIDENCE…  



The breakup length is smaller than ~ 5 R We1/2 

Hence, experimental evidence already indicates that We>>1 and,
Hence, also that the inertio-Capillary balance is inconsistent with experimental observations



COMPARISON BETWEEN NUMERICAL SIMULATIONS AND 
PREDICTIONS, PARABOLIC CAVITIES, INCOMPRESSIBLE 

SIMULATIONS



COMPARISON BETWEEN NUMERICAL SIMULATIONS AND 
PREDICTIONS CONICAL CAVITIES



ANALYTICAL DESCRIPTION OF  rjet(), zjet() AND ujet() 
FOR THE CASE OF SLENDER CAVITIES-I







COMPARISON BETWEEN NUMERICAL SIMULATIONS AND PREDICTIONS, 
BUBBLE BURSTING JETS-V

Initial values of the jet radius and velocity: asymmetric cuttoff radius

Gekle and Gordillo, JFM (2010)





We find a new self-similar solution for
the case of the implosion of conical cavities 

COMPARISON BETWEEN NUMERICAL SIMULATIONS AND 
PREDICTIONS, UNIFORM FLOW RATE-I



hd hm Numerical simulations show that the minimum thickness at 
the periphery of the entrapped bubble coincides with our 

prediction
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