M.A. Japón, T. Domínguez and G. López METRIC FIXED POINT RESULTS CONCERNING MEASURES OF NONCOMPACTNESS

Introduction

Fixed Point Theory has two main branches: on the one hand we can consider the results that are deduced from topological properties and on the other hand those which can be obtained using metric properties.

Among the former the most important result is Brouwer’s theorem, which assures that the euclidean unit ball B_n(0, 1) in R^n has the fixed point property for continuous functions, that is, if f : B_n(0, 1) → B_n(0, 1) is a continuous mapping, there exists a point x_0 ∈ B_n(0, 1) such that f(x_0) = x_0.

Schauder [S, 1930] generalized the Brouwer fixed point theorem to infinite dimensional Banach spaces for the case of compact operators. Compactness plays an essential role in the proof of the Schauder fixed point theorem. However, there are some important problems where the operators are not compact.

The first step to extend the Schauder theorem to the setting of noncompact operators was given by G. Darbo [D, 1955]. The main idea is to define a new class of operators which map any bounded set in a “more compact” set. In order to state the property: A set is mapped into a “more compact” set, we need to define some “measure of noncompactness”. The first such measure was defined by Kuratowski [Ku1, 1930] in connection with certain problems of General Topology.

Probably the best known and important metric fixed point theorem is the Banach contraction principle, which assures that every contraction from a complete metric space into itself has a unique fixed point. A mapping T from a metric space (X, d) into itself is said to be a contraction if there exists k ∈ [0, 1) such that d(T x, T y) ≤ kd(x, y) for every x, y ∈ X. Simple examples show that the Banach theorem does not hold letting k to be equal to 1. Such mappings are called nonexpansive. However in the sixties Browder, Gohde and Kirk proved that under suitable geometric conditions nonexpansive mappings have the fixed point property.

Although historically the two branches of the fixed point theory have had a separated development, in recent years measures of noncompactness have also been utilized to define new geometrical properties of Banach spaces which are interesting for fixed point theory for nonexpansive mappings(see for instance [KMP], [ADL1], [DL2], [Se2], [Pr5] and references therein).

Our goal in this chapter is to study the use of measures of noncompactness in metric fixed point theory. We have divided the chapter in five sections.

Typeset by AMS-TEX 1

1. Kuratowski and Hausdorff measures of noncompactness

In this section we define the Kuratowski and Hausdorff measures of noncompactness (MNCs) and study their basic properties. As we know, if B is a bounded non precompact set, there is a number ε > 0 such that B cannot be covered by finitely many sets with diameter ≤ ε. Hence, we can give the following definition:

Definition 1. Let (X, d) be a complete metric space and B the family of bounded subsets of X. For every B ∈ B we define the Kuratowski measure of noncompactness α(B) of the set B as the infimum of the numbers d such that B admits a finite covering by sets of diameter smaller than d.

Remarks .

1) As usual, the diameter of a set B is the number sup{d(x, y) : x ∈ B, y ∈ B} denoted by diam(B), with diam(∅) = 0. It is clear that 0 ≤ α(B) ≤ diam(B) < +∞ for each nonempty bounded subset B of X and that diam(B) = 0 if and only if B is an empty set or consists of exactly one point.

2) The following properties are satisfied in any complete metric space and are a direct consequence of the definition:

(a) α(B) = 0 if and only if B is precompact. (b) α(B̄) = α(B) for all B ∈ B.

(c) α(B_1 ∪ B_2) = max{α(B_1), α(B_2)}, ∀B_1 ∈ B, ∀B_2 ∈ B. (d) B_1 ⊂ B_2 implies α(B_1) ≤ α(B_2).

(e) α(B_1 ∩ B_2) ≤ min{α(B_1), α(B_2)}, ∀B_1 ∈ B, ∀B_2 ∈ B. (f) If B is a finite set, then α(B) = 0.

The α-measure of noncompactness was introduced by Kuratowski in order to generalize the Cantor intersection theorem

Theorem 1. Kuratowski: Let (X, d) be a complete metric space and {B_n} be a decreasing sequence of nonempty, closed and bounded subsets of X and lim_{n→∞} α(B_n) = 0. Then the intersection B_∞ of all B_n is nonempty and compact.

Proof. Let {x_n} be a sequence such that x_n ∈ B_n for all n ∈ N and consider the decreasing sequence of sets {C_n} given by C_n = {x_i : i ≥ n}. Obviously C_n ⊂ B_n and α(C_1) = α(C_n) ≤ α(B_n) for every n ∈ N.

Since lim_{n→∞} α(B_n) = 0, it follows that α(C_1) = 0 and so {x_n} is a precompact set. Let x be the limit of a subsequence of {x_n}. Obviously x ∈ B_n for all n ∈ N and hence B_∞ ≠ ∅.

Moreover, as α(B_∞) ≤ α(B_n) for every n ∈ N and lim_{n→∞} α(B_n) = 0, we obtain α(B_∞) = 0 and so B_∞ is compact since it is a closed set.

Horvath (see [HO]) has proved the following generalization of the Kuratowski theorem.

Theorem 2. Let (X, d) be a complete metric space and {B_i}_{i∈I} be a family of nonempty of closed and bounded subsets of X having the finite intersection property. If inf_{i∈I} α(B_i) = 0 then the intersection B_∞ of all B_i is nonempty and compact.

Proof. Given n > 1 there exists i(n) ∈ I such that α(B_{i(n)}) <^1_n . Let A_k = ∩^k_{n=1}B_{i(n)}, then {A_k} is is a decreasing sequence of nonempty, closed and bounded

1. KURATOWSKI AND HAUSDORFF MEASURES OF NONCOMPACTNESS 3

subsets of X and lim_{n→∞} α(A_k) = 0, it follows by the Kuratowski theorem that K = ∩_{k≥1}A_k is a nonempty compact subset of X.

Set B̂_i = B_i ∩K for each i ∈ I. It will be enough to prove that the family {B̂_i}_{i∈I} has the finite intersection property. In this situation, by compactness, ∩_{i∈I}B̂_i is nonempty, and since ∩_{i∈I}B̂_i ⊂ ∩_{i∈I} B_i the proof would be finished.

Let J be any non-empty finite subset of I and define B_{J,1} = ∩_{i∈J} B_i, B_{J,k} = ∩_{i∈J} (B_i ∩ A_{k−1}) if k ≥ 2. By the Kuratowski theorem ∩_{k≥1}B_{J,k} is nonempty and compact. But ∩_{k≥1}B_{J,k} = ∩_{i∈J} B_i ∩_{k≥1} A_k = ∩_{i∈J} B_i ∩ K. So the family {B̂_i}_{i∈I} has the finite intersection property and the proof is concluded.

Corollary 3. Let (X, d) be a complete metric space and f : X → R a lower semicontinuous function such that inf_{x∈X} α{y ∈ X : f(y) ≤ f(x)} = 0. Then f is bounded from below and there exists x_0 ∈ X such that f(x_0) = inf_{x∈X} f(x).

Proof. Let B_x = {y ∈ X : f(y) ≤ f(x)}, the family {B_x}_{x∈X} is in the hypothesis of the previous theorem. If x_0 ∈ ∩_{x∈X} B_x, then f(x_0) ≤ f(x) for all x ∈ X.

Corollary 4. Let (X, d) be a complete metric space and g : X → X a function such that:

1) x → d(x, g(x)) is lower semicontinuous. 2) inf_{x∈X} d(x, g(x)) = 0. 3)inf_{x∈X} α{y ∈ X : d(y, g(y)) ≤ d(x, g(x))} = 0. Then there exists x_0 ∈ X such that g(x_0) = x_0.

In the framework of the linear spaces can be deduced additional properties for the Kuratowski measure of noncompactness. We omit their well known proofs (see for instance [ADL2]).

Proposition 5. Let X be a Banach space, then we have: (a) α(tB) = |t|α(B) for any real number t and B ∈ B. (b) α(B_1 + B_2) ≤ α(B_1) + α(B_2), ∀B_1 ∈ B, ∀B_2 ∈ B. (c) α(x_0 + B) = α(B) for any x_0 ∈ X and B ∈ B. (d) α(B) = α( co(B)).

Associated to the notion of measure of noncompactness we can consider the class of condensing operators which generalize the notion of compact operator.

Definition 2. Let D be a nonempty subset of a metric spaces X. A mapping T : D ⊂ X → X is an α-condensing mapping if T is continuous and satisfies that α(T (A)) < α(A) for every bounded subset A of D with α(A) > 0.

For the class of compact operators we have the following generalization of Schauder theorem, usually called the theorem of Darbo and Sadovskiĭ [D] and [Sa1].

Theorem 6. Suppose M is a nonempty bounded closed and convex subset of a Banach space and suppose T : M → M is condensing. Then T has a fixed point.

Proof. Fix m ∈ M and denote by Σ the family of all closed and convex subsets K of M such that m ∈ K and T (K) ⊂ K. Now set B = ⋂ K∈Σ K

and let C = co(T (B) ∪ {m}). Obviously Σ ≠ ∅, m ∈ B and T : B → B.

Moreover B = C. Indeed, since m ∈ B and T (B) ⊂ B, it follows that C ⊂ B. This implies T (C) ⊂ T (B) ⊂ C and so C ∈ Σ, and hence B ⊂ C. Using now the properties of α we obtain α(B) = α(T (B)). Since T is α-condensing, it follows that B is compact. Therefore T is a continuous mapping of the compact convex set B into itself. By Schauder theorem must have a fixed point.

In the definition of the Kuratowski measure we can consider balls instead of arbitrary sets. In this way we have the definition of the Hausdorff measure.

Definition 3. The Hausdorff measure of noncompactness χ(B) of the set B is the infimum of the numbers r such that B admits a finite covering by balls of radius smaller than r.

Remarks:

3.) Recall that in a Banach space X , a set S ⊂ X is called an r-net of B if B ⊂ S + rB(0, 1) = {s + rb : s ∈ S, b ∈ B(0, 1)}. So, the definition of the χ-measure in Banach spaces is equivalent to the following:

χ(B) = inf{r > 0 : B has a finite r − net}.

4) The Hausdorff MNC enjoys the same properties as the Kuratowski MNC, appearing in Remarks 2, Proposition 5 and Theorems 1, 2 and 6 . However there is not a direct relationship between the Kuratowski and the Hausdorff MNCs as we will see in the following results.

Theorem 7. Let B(0, 1) be the unit ball in a Banach space X. Then α(B(0, 1)) = χ(B(0, 1)) = 0 if X is finite dimensional, and α(B(0, 1)) = 2, χ(B(0, 1)) = 1 otherwise.

Proof. If X is a finite dimensional Banach space, the result follows from the compactness of the unit ball.

It remains to consider the infinite dimensional case. We first prove the result for χ. Obviously χ(B(0, 1)) ≤ 1. Suppose χ(B(0, 1)) = r < 1. Let us choose ε > 0 such that r + ε < 1. The there exist x_1, x_2,..., x_m in X such that B(0, 1) ⊂ m⋃ k=1 B (x_k, (r + ε)) = m⋃ k=1 (x_k + (r + ε)B(0, 1)).

From the properties of the MNC χ, it follows that r = χ(B(0, 1)) ≤ (r + ε)χ(B(0, 1)) = r(r + ε)

and this implies r = 0. So χ(B(0, 1)) = 0 and hence B(0, 1) is precompact. This contradicts the infinite dimensionality of the space X. Therefore, χ(B(0, 1)) = 1.

To prove the result for α we make use of the Borsuk-Lyusternik-Shnirel’man theorem on antipodes (see [Kr, page 100, Theorem 2.6]):

“If S_n(0, 1) is the unit sphere in an n-dimensional normed space and A_k (k = 1, ..., n) is a cover of S_n(0, 1) by closed subsets of that space, then at least one of the sets A_k contains a pair of diametrically opposite points, that is, diam(A_k) ≥ diam(S_n(0, 1))”.

Since diam(B(0, 1)) = 2, it is obvious that α(B(0, 1)) ≤ 2. Suppose α(B(0, 1)) < 2. Then we can find a finite number of closed subsets {B_1, B_2, ..., B_n} of X with diam(B_k) < 2 for all k = 1, ..., n such that B(0, 1) ⊂ ⋃_n k=1 B_k. Now, taking the section of B(0, 1) with an arbitrary n-dimensional subspace X_n and setting A_k = B_k ∩ X_n, we obtain a contradiction with the theorem on antipodes.

Since α and χ are invariant under passage to the convex hull, we obtain the following corollary:

Corollary 8. Let S(0, 1) be the unit sphere in a Banach space X. Then α(S(0, 1)) = χ(S(0, 1)) = 0 if X is finite dimensional, and α(S(0, 1)) = 2, χ(S(0, 1)) = 1 otherwise.

Theorem 9. The Kuratowski and Hausdorff MNCs are related by the inequalities χ(B) ≤ α(B) ≤ 2χ(B). In the class of all infinite dimensional Banach spaces these inequalities are the best possible.

Proof. The inequalities are obvious from the definitions of α and χ. The sharpness of the second inequality follows from Theorem 7. The following example shows that the first inequality is also sharp. Let B = {e_k : k ≥ 1} the set of standard basis vectors in c_0. Since for all i ≠ j, ‖e_i − e_j ‖ = 1, we have α(B) = 1. On the other hand, χ(B) = 1 because the distance from any infinite subset of B to any element of c_0 cannot be smaller than 1.

Remark 5:

Even though in general α and χ are different MNCs, in some Banach spaces we can find a close relation between them. This is, for instance, the case of hyperconvex spaces (see chapter of Khamsi-Espinola).

2. ϕ-minimal sets and the separation measure of noncompactness

The notion of a ϕ-minimal set, where ϕ is the α or χ MNCs, was introduced in [Do1] in order to study the relationships between condensing mappings for Kuratowski and Hausdorff’s measures of noncompactness. The notion has became very useful to study some properties of the Separation measure of noncompactness and to obtain simpler forms for some moduli of noncompact convexity and to simplify several proofs.

Definition 4. Let X be a metric space and B the family of all bounded subsets of X. An infinite subset A ∈ B is said to be minimal for the measure ϕ (or, in short, ϕ-minimal) if ϕ(A) = ϕ(B) for every infinite subset B of A.

Examples :

(1) Every infinite precompact set is obviously ϕ-minimal. (2) In particular, every Cauchy sequence with infinite range is ϕ-minimal. (3) Every infinite subset of a ϕ-minimal set is a ϕ-minimal set. (4) The standard bases in ℓ^p or c_0 are minimal sets.

(5) A nonprecompact convex subset of a Banach space fails to be ϕ-minimal.

We are now going to prove the existence of ϕ-minimal sets in bounded sets.

Theorem 10. Let X be a bounded metric space. Then: (a) There is a subset A of X such that A is ϕ-minimal. (b) If X is not a precompact set, A can be chosen such that ϕ(A) > 0.

Proof. Let A_0 = X; recursively let

ϕ_{n+1} = inf{ϕ(A) : A ⊂ A_n, A infinite}

and let A_{n+1} be chosen to be an infinite subset of A_n with

ϕ(A_{n+1}) < ϕ_{n+1} + 1 n + 1 . Since A_n is an infinite set, for every n we can choose a_n ∈ A_n such that a_n ≠ a_k for k = 1, 2, ..., n − 1. Let A be the infinite set {a_n : n ∈ N}. Then A\A_n is finite for each n ∈ N. Let us see that A is ϕ-minimal. Indeed, let A^′ be an infinite subset of A. Since A^′\A_{n−1} is a finite set for each n > 1, we have ϕ(A) ≤ ϕ(A_n) < ϕ_n + 1 n ≤ ϕ(A^′ ∩ A_{n−1}) + 1 n = ϕ(A^′) + 1 n . Hence ϕ(A^′) = ϕ(A) and A is ϕ-minimal. This argument concludes part (a). We now assume that ϕ(A) = 0 for every ϕ-minimal subset A of X. Let {x_n} be a sequence in X and we assume that the set {x_n : n ∈ N} is infinite. Then there exists an ϕ-minimal subsequence {y_n} of {x_n}. Since ϕ({y_n : n ∈ N}) = 0, {y_n : n ∈ N} is precompact and so {y_n} has a Cauchy subsequence. Thus every sequence in X has a Cauchy subsequence. Hence X is a precompact set and the proof is complete.

Theorem 11. Let X be a separable metric space and B a bounded subset of X. Then there exists a χ-minimal subset A of B such that χ(A) = χ(B).

Proof.

Whitout loss of generality, assume that χ(B) > 0. Let {p_k} be a dense sequence in X and let {B_m} be the sequence formed by all balls centered at each p_k with radius a rational positive number less than χ(B). Then for every positive integer n there are infinitely many points which are not in M_n = ∪^n_{m=1}B_m.

Choose x_n ∈ B \ M_n and denote by A the set {x_n : n ∈ N}. For every n there exists k(n) > n such that x_j ∈ M_{k(n)} for j = 1, ..., n. Hence x_{k(n)} ≠ x_j , j = 1, ...., n. Therefore A is an infinite set.

Let C be an infinite subset of A. For each n ∈ N, C is not contained in M_n because ∩M_n is a finite set. Now it is easy to prove that χ(C) ≥ χ(B) ≥ χ(A). Thus A is χ-minimal and χ(B) = χ(A)

Remark 6. This result hold for a wide class of spaces. We recall that a Banach space X is said to be weakly compactly generated if it contains a weakly compact set which is linearly dense in X. Obviously, reflexive and separable Banach spaces satisfy this condition. S. Prus ( see [ADL2 ]) has proved that the previous theorem is also true for weakly compactly generated Banach spaces. However, this result does not hold for ℓ_∞ (se [Do1]).

The situation for the Kuratowski MNC is different as we are going to show. We need some technical results

Lemma 12. Let A be an α-minimal subset of a metric space (X, d). Then, for every positive number ε, there exists an infinite subset B of A such that α(A) − ε < d(x, y) < α(A) + ε for every x ∈ B, y ∈ B, x ≠ y.

Proof. Without loss of generality we can assume that card(A)= χ_0 and d(x, y) < α(A)+ε for every x, y ∈ A. By Ramsey’s theorem (see, for example, [Ba, pag. 392]) there exists an infinite subset B of A such that d(x, y) ≤ α(A)−ε for every x, y ∈ B or d(x, y) ≥ α(A) − ε for every x, y ∈ B. Since the first possibility contradicts the α-minimality of A and the proof is concluded.

Remark 7. For a proof of the above lemma without using Ramsey’s theorem see [ADL2, Lemma 3.1.3].

The following theorem which can be deduced from lemma 12 is known ( see [DU, pag 235])

Theorem 13. Let {x_n} be a bounded sequence in a metric space (X, d). Then there is a subsequence {y_n} of {x_n} such that lim_{n,m;n≠m} d(y_n, y_m) exists.

Let {x_n} be a bounded sequence in a Hilbert space H. Since H is reflexive, there is a subsequence {y_n} of {x_n} and a vector v ∈ H such that {y_n} is weakly convergent to v. Taking a subsequence if necessary, we can also assume that lim_{n→∞} ‖y_n − v‖ exists.

Consider the mapping Φ : H → R : Φ(z) = lim sup_{n→∞} ‖y_n − z‖. This map takes its unique absolute minimum in v. This result is a consequence of the following lemma due to Opial [O1]:

Lemma 14. If in a Hilbert space H the sequence {x_n} is weakly convergent to x_0, then for any x ≠ x_0 we have

lim sup n→∞ ‖x_n − x‖ > lim sup_{n→∞} ‖x_n − x_0‖. (1)

Proof. Since every weakly convergent sequence is necessarily bounded, both limits in (1) are finite. Thus, to prove this inequality, it suffices to observe that in the equality

‖x_n − x‖^2 = ‖x_n − x_0‖^2 + ‖x_0 − x‖^2 + 2(x_n − x_0) · (x_0 − x)

the last term tends to zero as n tends to infinity.

Now it is easy to deduce that χ({y_n : n ∈ N}) = Φ(v). Indeed, since Φ(v) = lim_{n→∞} ‖y_n − v‖ it follows that for every ε > 0 there exists n_0 ∈ N such that y_n ∈ B(v, Φ(v) + ε) for all n ≥ n_0, and hence χ({y_n : n ∈ N}) ≤ Φ(v).

Conversely, let us suppose that {y_n : n ∈ N} can be covered by finitely many balls with radius r < Φ(v). Then there is a ball B(u, r) containing infinitely many elements of this sequence. We still denote the subsequence contained in this ball by {y_n : n ∈ N}. This sequence is weakly convergent to v, Φ(v) is still given by lim_{n→∞} ‖y_n − v‖ and the function Φ^′ : H → R : Φ^′(z) = lim sup_{n→∞} ‖y_n − z‖ takes its unique absolute minimum in v. Therefore we obtain ‖y_n − u‖ ≤ r < Φ(v) for all n ∈ N and thus Φ^′(u) = lim sup_{n→∞} ‖y_n − u‖ ≤ r < Φ(v) = Φ^′(v) contradicting the fact that Φ^′ has an absolute minimum at v.

Lemma 15. Let {x_n} be an α-minimal sequence in a Hilbert space H. Assume that x_n ≠ x_m if n ≠ m. If {y_n}, v and Φ are constructed as above, then

α({x_n : n ∈ N}) = α({y_n : n ∈ N}) = Φ(v) √ 2 = χ({y_n : n ∈ N}) √ 2.

Proof. We only have to prove the equality α({y_n : n ∈ N}) = Φ(v) √ 2. Let ε be an arbitrary positive number and define η = α({y_n : n ∈ N}). By Lemma 12 there is a subsequence {z_n} of {y_n} such that η − ε ≤ ‖z_n − z_m‖ ≤ η + ε, ∀n ≠ m. (2) Since lim_{n→∞} ‖y_n − v‖ = Φ(v), we can choose a positive integer k such that |‖z_n − v‖ − Φ(v)| < ε, n ≥ k. (3) Fixing k ∈ N, let n > k be large enough so that |(z_n − v) · (z_k − v)| < ε. From the identity

‖z_k − z_n‖^2 = ‖z_k − v‖^2 + ‖z_n − v‖^2 − (z_k − v) · (z_n − v) − (z_n − v) · (z_k − v)

we obtain by (2) and (3)

2(Φ(v) + ε)^2 + 2ε ≥ (η − ε)^2 and (η + ε)^2 ≥ 2(Φ(v) − ε)^2 − 2ε.

Hence, letting ε → 0 we obtain η = √ 2Φ(v).

Theorem 16. Let H be an infinite dimensional Hilbert space and A an αminimal subset of the unit sphere S(0, 1). Then α(A) ≤ √ 2 < 2 = α(S(0, 1)).

Proof. Let {x_n} be a sequence in A with x_n ≠ x_m for all n ≠ m. By Lemma 15 we have^{α(A)√}_2 = inf{Φ(z) : z ∈ H}, where Φ(z) = lim sup_{n→∞} ‖y_n − z‖ for a

subsequence {y_n} of {x_n}. Then^{α(A)√}_2 ≤ Φ(0) = lim sup_{n→∞} ‖y_n‖ = 1. On the other hand we know from Corollary 8 that α(S(0, 1)) = 2.

The notion of minimal set is strongly related to the Separation measure of noncompactness which was first introduced by Istrastescu [I1]. The set B is said to be r-separated if d(x, y) ≥ r for all x, y ∈ B, x ≠ y. The set B will be call an r-separation.

Definition 5. The measure of noncompactness β(B) of the subset B of the metric space X is the infimum of the numbers r > 0 for which B does not have an infinite r-separation or, equivalently, the supremun of those r > 0 for which B has an infinite r-separation.

Remarks:

8.) It is easy to prove that

β(B) = sup{α(A) : A ⊂ B and A is α-minimal }.

9.) The properties of the separation measure of noncompactness and related fixed point theorems has been studied by many authors( see ADL2). The permanence under passage to the convex hull was proved independently by J. Arias [A] and ...

3. Moduli of noncompact convexity.

A generalization of the moduli of k-uniform convexity, (see chapter XX (Prus)), considering infinite dimensional subspaces, was given by Goebel and Sȩkowski in 1984 [GS]. The corresponding concept to k-uniformly convex space is, in this case, that of nearly uniformly convex space. Goebel and Sȩkowski use the Kuratowski MNCs as a measure of the volume of the sets. The use of the measure of noncompactness is relevant since it implies a strong connection between topological methods and metric methods.

We are going to start this section with the definition of the moduli of noncompact convexity. Throghout this section ϕ will denote the α, χ or β measure of nocompactness.

Definition 6. Let X be a Banach space. We define the modulus of noncompact convexity associated to ϕ in the following way

Δ_{X,ϕ}(ε) = inf{1 − d(0, A) : A ⊂ B(0, 1) is convex , ϕ(A) > ε}

= inf{1 − d(0, co(A)) : A ⊂ B(0, 1), ϕ(A) > ε}.

We define the NUC-characteristic of X associated to the measure of noncompactness ϕ to be ε_ϕ(X) = sup{ε ≥ 0 : Δ_{X,ϕ}(ε) = 0}.

The function Δ_{X,α}(ε) has been considered by Goebel and Sȩkowski [GS], Δ_{X,χ}(ε) by Banaś [Ba1] and Δ_{X,β} (ε) by Domínguez and López [DL2].

Remarks:

10.) A Banach space is NUC if and only if ε_ϕ(X) = 0.

11.) The following relationships among the different moduli are easy to obtain δ_X (ε) ≤ Δ_{X,α}(ε) ≤ Δ_{X,β} (ε) ≤ Δ_{X,χ}(ε) and consequently

ε_0(X) ≥ ε_α(X) ≥ ε_β (X) ≥ ε_χ(X).

We are going to introduce some equivalent definitions for the moduli Δ_{X,χ}(ε) and Δ_{X,β}(ε) in the case of reflexive spaces. The following technical lemma can be easily proved.

Lemma 17. Let X be a Banach space and {x_n} a sequence in X weakly convergent to w. Let A_n = co({x_k}_{k≥n}). Then ∞⋂ n=1 A_n = {w}.

Theorem 18. Let X be a reflexive Banach. Then

Δ_{X,β} (ε) = inf { 1 − ‖w‖ : {x_n} ⊂ B(0, 1), x_n ⇀ w and Sep({x_n}) > ε }

where Sep({x_n}) = inf{ε : ‖x_n − x_m‖ ≥ ε : n ≠ m} and

Δ_{X,χ}(ε) = inf { 1 − ‖w‖ : {x_n} ⊂ B(0, 1), x_n ⇀ w and χ({x_n}) > ε } . Proof. Both equalities have a similar proof. So we are only going to prove the first one.

First we note that if A ⊂ B(0, 1) with β(A) > ε, there exists a sequence {x_n} such that Sep({x_n}) > ε, {x_n} ⊂ A and {x_n} ⇀ w. Thus

Δ_{X,β} (ε) = inf{1 − d( co({x_n}), 0) : x_n ⇀ w, {x_n} ⊂ B(0, 1) and Sep({x_n}) > ε}

Now using the previous lemma it is easy to deduce the first inequality:

Δ_{X,β}(ε) ≥ inf { 1 − ‖w‖ : x_n ⇀ w, {x_n} ⊂ B(0, 1) and Sep({x_n}) > ε } .

Conversely, let x_n ⇀ w with {x_n} ⊂ B(0, 1) and Sep({x_n}) > ε. As 1 − Δ_{X,β} (ε) = sup { d(0, co({y_n}) : {y_n} ⊂ B(0, 1) Sep({y_n}) > ε } , if we take {y_n} = {x_n}_{n≥k}, we have 1 − Δ_{X,β} (ε) ≥ d(0, co ({x_n}_{n≥k})).

Let η > 0. For all k there exists z_k ∈ co({x_n}_{n≥k}) = A_k such that ‖z_k‖ ≤ 1 − Δ_{X,β} (ε) + η. Let z_{nk} be a weakly convergent subsequence of {z_n}, and B_n = co{x_{nk} }_{k≥n}.

Then B_n ⊂ A_n. So if z_{nk} ⇀ z we obtain z ∈ ∞⋂ n=1 B_n ⊂ ∞⋂ n=1 A_n = {w}. Thus z_n ⇀ w and so ‖w‖ ≤ lim inf_{n→∞} ‖z_n‖ ≤ 1 − Δ_{X,β}(ε) + η. Since the last inequality is true for every η, we obtain Δ_{X,β} (ε) ≤ 1 − ‖w‖ and again this inequality is true for every x_n ⇀ w satisfying {x_n} ⊂ B(0, 1) and Sep({x_n}) > ε. So Δ_{X,β} (ε) ≤ inf{1 − ‖w‖ : x_n ⇀ w, (x_n) ⊂ B(0, 1) Sep({x_n}) > ε} and the proof is now complete.

Remarks:

12.) The function

P_X (ε) = inf { 1 − ‖w‖ : x_n ⇀ w, {x_n} ⊂ B(0, 1) and Sep({x_n}) > ε }

has been considered by Partington [Pa] as a modulus for the UKK property. Theorem 17 shows that for reflexive spaces Partington’s modulus is identical to the modulus of noncompact convexity associated to β.

13.) Let X be a Banach space and τ a topology on X. Bearing in mind Theorem 17 it is natural to consider the following moduli (for more details see Japon) Δ_{X,β,τ} (ε) = inf { 1 − ‖w‖ : τ − lim{x_n} = w, {x_n} ⊂ B(0, 1), and Sep({x_n}) > ε } and Δ_{X,χ,τ} (ε) = inf { 1 − ‖w‖ : τ − lim{x_n} = w, {x_n} ⊂ B(0, 1), and χ({x_n}) > ε } , where τ − lim{x_n} denotes the limit of a sequence {x_n} with respect to the topology τ

Notice that a Banach X has the UKK(τ) property (see definition 8 in Chapter Prus) if and only if Δ_{X,β,τ} (ε) > 0 for all ε > 0.

Example 6. Let (Ω, Σ, μ) be a positive σ-finite measure space, X = (L_p(μ), ‖.‖_p) and τ the convergence locally in measure toplogy (clm) ( see chapter Prus for more details). We are going to prove that:

Δ_{X,β,clm} (ε) = 1 − (1 − (ε)^p)^{1p} . for 1 ≤ p < +∞. We use the following result which can be derived from [BL]: If {f_n} is a clm-null sequence in L_p(μ), 1 ≤ p < +∞, and f is a function in L_p(μ), then lim sup_n ‖f_n − f‖^p = ‖f‖^p + lim sup_n ‖f_n‖^p. (4)

Let {f_n} be a sequence which is clm-convergent to f ∈ L_p(μ). Suppose that ‖f_n‖_p ≤ 1 and Sep({f_n}) > ε. Take a subsequence {g_n} ⊂ {f_n} such that lim_n ‖g_n − f‖_p and lim_n ‖g_n‖_p exist. If we denote h_n = g_n − f and apply (4) to the sequence {h_n} and −f, we obtain:

‖f‖^p = lim_n ‖h_n + f‖^p − lim_n ‖h_n‖^p = lim_n ‖g_n‖^p − lim_n ‖g_n − f‖^p ≤ 1 − lim_n ‖g_n − f‖^p. Denote l = lim_n ‖g_n − f‖_p and let m ∈ N. We have

ε^p ≤ lim sup_n ‖g_n − g_m‖^p = lim sup_n ‖g_n − f − (g_m − f)‖^p.

Applying again (4) we obtain ε^p ≤ ‖g_m − f‖^p + lim_n ‖g_n − f‖^p. Taking the limit when m tends to infinity, we deduce l ≥ ε/2^{1p} . Hence ‖f‖^p ≤ (1 − ε^p/2)^{1p} and

Δ_{X,β,clm} (ε) ≥ 1 − (1 − (ε)^p)^{1p} .

Let us now study the converse inequality.

Suppose Ω = ∪^∞_{n=1}Ω_n with μ(Ω_n) < ∞. Given η > ε consider the function f = aχ_{Ω1} where a^p = (1 − η^P /2)/μ(Ω_1) and the sequence f_n = f + b_nχ_{Ωn} where b^p_n = η^p/(2μ(Ω_n)) for n ≥ 2. It is clear that clm − lim_n f_n = f, ‖f‖_p = 1, ‖f_n − f_m‖_p = η and ‖f‖_p = (1 − η^P /2)^{1p} . Since η is any real number greater that ε, we finally obtain the desired equality.

Using similar arguments (see [J]) we can also compute the modulus for the case of the measure χ

Δ_{X,χ,clm} (ε) = 1 − (1 − (ε)^p)^{1p} .

Remarks:

14.) Suppose that Ω = N and μ is the counting measure. Then we obtain the space ℓ^p and clm convergence of a sequence is equivalent to weak convergence for bounded sequences if p > 1. So

Δ_ℓp_{,β} (ε) = 1 − (1 − (ε)^p)^{1p} . and Δ_ℓp_{,χ} (ε) = 1 − (1 − (ε)^p)^{1p} ,

for 1 ≤ p < +∞ If p = 1 clm convergence is equivalent to weak* convergence for bounded sequences if ℓ^1 is seen as the dual space of c_0.

15.) Goebel and Sȩkowski [GS] computed the value of Δ_ℓp_{,α} obtaining

Δ_ℓp_{,α}(ε) = 1 − ( 1 − ( ε 2 )_p)^1_p

which, for p ≥ 2, coincides with the value of the Clarkson modulus of convexity (see chapter Prus ).

4. Fixed point theorems derived from normal structure

In this section we are going to study fixed point results for nonexpansive mappings. Recall that if (C, d) is a metric space, a mapping T : C → C is said to be nonexpansive if d(T x, T y) ≤ d(x, y) for every x, y ∈ C. The framework where we are going to work is the following: Let X be a Banach space and τ an arbitrary topology considered on X. We shall say that X has the fixed point property with respect to τ (τ-FPP), if every nonexpansive mapping defined from a τ-sequentially compact bounded convex subset of X into itself has a fixed point. Notice that according to the Eberlein-Smulian Theorem, which proves the equivalence between weak compactness and weak sequential compactness, the previous definition is equivalent to the usual definition of the weak fixed point property whenever τ is the weak topology. Our main goal in this section is to obtain fixed point results derived from normal structure. We will finish using the moduli of noncompact convexity to deduce fixed point results for nonexpansive mappings.

We shall say that a Banach space X has normal structure with respect to a topology τ (τ-NS), if every τ-sequentially compact bounded convex set C ⊂ X with diam(C) > 0 contains a nondiametral point, i.e., there is x_0 ∈ C such that sup{‖x − x_0‖ : x ∈ C} < diam(C). This notion has been defined previously in Chapter (Prus).

Before starting the main theorem of this section we need to prove the following Lemma which can be found essentially in [GW], although the proof that we give is from [Ki3]. Recall that the Chebyschev radius of a set C is defined as r(C) = inf_{x∈C}{sup ‖x − y‖ : y ∈ C}

Lemma 19. Let X be a Banach space and C a bounded subset. Let S be a class of subsets of C which is stable under arbitrary intersections and it contains B ∩ C for every closed ball B of X. If T : C → C is a nonexpansive mapping, for every ϵ > 0 there exists C(ϵ) ∈ S such that T : C(ϵ) → C(ϵ) and diam(C(ϵ)) ≤ r(C) + ϵ.

Proof. If diam(C) = 0, take C(ϵ) = C. Otherwise, let ρ = r(C) + ϵ. We are going to construct C(ϵ).

Firstly, by definition of ρ, the set M = {z ∈ C : C ⊂ B(z, ρ)} is a nonempty set. Let F = {D ∈ S : M ⊂ D, T : D → D}. Notice that F ≠ ∅ since C ∈ F. Define L = ⋂ D∈F D

Then L ∈ S, M ⊂ L and T : L → L. Let A = M ∪ T (L) . Let us prove that L = ⋂ {D ∈ S : A ⊂ D}. Since A ⊂ L it is clear that ∩{D ∈ S : A ⊂ D} ⊂ L. This implies that T (∩{D ∈ S : A ⊂ D}) ⊂ T (L) ⊂ A ⊂ ∩{D ∈ S : A ⊂ D}. Also M ⊂ A ⊂ ∩{D ∈ S : A ⊂ D}. Thus the last set belongs to F and contains the set L.

Finally we define C(ϵ) = {x ∈ L : L ⊂ B(x, ρ)} = { ⋂ u∈L B(u, ρ) } ∩ L

Notice that C(ϵ) ≠ ∅ since M ⊂ C(ϵ). On the other hand, C(ϵ) ∈ S because it is an arbitrary intersection of sets in S. It is also clear that diam(C(ϵ)) ≤ ρ. We need to prove that C(ϵ) is T -invariant.

Let x ∈ C(ϵ). Obviously T (x) ∈ L so we have to prove that L ⊂ B(T x, ρ). Firstly, we shall see that A ⊂ B(T x, ρ). If u ∈ M we have u ∈ B(T x, ρ) because C ⊂ B(u, ρ). Otherwise, if u ∈ T (L) there exists y ∈ L such that u = T (y). Hence d(u, T x) ≤ d(y, x) ≤ ρ because x ∈ C(ϵ). Consequently, A ⊂ B(T x, ρ) ∩ L and by the equivalent definition of L we finally deduce that L ⊂ B(T x, L) and C(ϵ) is T -invariant.

Recall that if X is a Banach space and τ is a topology on X, it is said that the norm is τ-sequentially lower semicontinuous (τ-slsc) if ‖x‖ ≤ lim inf_n ‖x_n‖ whenever τ − lim_n x_n = x.

Theorem 20. Let X be a Banach space and τ a topology on X such that the norm ‖ · ‖ is a τ-slsc function. If X has τ-NS, then X satisfies the τ-FPP.

Proof. Let C be a nonempty τ-sequentially compact bounded convex subset of X and let T : C → C be a nonexpansive mapping.

Denote A the following family of subsets of C:

A = {K ⊂ C : K ≠ ∅ τ-sequentially closed, convex and T : K → K} .

Notice that A ≠ ∅ since C ∈ A. For every K ∈ A we define δ(K) = inf{diam(F ) : F ∈ A, F ⊂ K} Set K_1 = C, and with K_1, ..., K_n given, select K_{n+1} ∈ A such that K_{n+1} ⊂ K_n and diam(K_{n+1}) ≤ δ(K_n) + 1 n for every n ∈ N.

Let K_0 = ∩^∞_{n=1}K_n. Firstly, we are going to check that K_0 ≠ ∅: Take x_n ∈ K_n for every n ∈ N and consider the sequence {x_n}. Since C is a τ-sequentially compact set, there exists a subsequence {x_{nk} } ⊂ {x_n} which is τ-convergent to a point x. Since the sets K_n are τ-sequentially closed and K_{n+1} ⊂ K_n, we know that x ∈ K_n for every n ∈ N and so, K_0 ≠ ∅. On the other hand, K_0 is convex, τ-sequentially compact and T -invariant.

Define

S = {D ⊂ K_0 : D is convex and τ-sequentially closed}

Clearly, S ≠ ∅ since K_0 ∈ S, S is stable under arbitrary intersections and B ∩C ∈ S for every closed ball in X due to the τ-sequential lower semicontinuity of the norm.

The above lemma implies that for each ϵ > 0 there exists K_0(ϵ) ∈ S T -invariant and such that

diam(K_0) − 1 n ≤ diam(K_{n+1}) − 1 n ≤ δ(K_n) ≤ diam(K_0(ϵ)) ≤ r(K_0) + ϵ

Letting n → ∞ diam(K_0) ≤ r(K_0) + ϵ

Since this is true for each ϵ > 0 we deduce that diam(K_0) = r(K_0) which implies that K_0 = {x} since X has τ-NS. Therefore T (x) = x.

Remark 16 Notice that Theorem 20 generalizes Kirk’s Theorem [Ki1] for general topologies because the norm is always a w-slsc function.

On the other hand, the existence of fixed points for nonexpansive mappings defined on domains which are compact with respect to certain topology, has been studied in several papers [Be], [LT], [Le], [Kh3], [KT]... All of them require, as additional assumptions, the τ-sequential compactness of the domain. From Theorem 20 we check that the τ-compactness is not necessary to assure fixed point result in the above hypothesis

Next we are going to define a geometric property in a Banach space which implies normal structure with respect to a topology τ in very general conditions.

Definition 7. Let X be a Banach space and τ a topology on X. We shall say that X has the τ-GGLD property if: lim_n ‖x_n‖ < lim_{n,m;n≠m} ‖x_n − x_m‖ for every bounded τ-null sequence {x_n} such that both limits exist and lim_n ‖x_n‖ ≠ 0.

Theorem 21. Let X be a separable Banach space. If τ is a linear topology and X has the τ-GGLD property then X has τ-NS. In case τ ≡ w the separability assumption is not necessary.

Proof. If X has not τ-NS there is a bounded convex τ-sequentially compact subset B which satisfies r(B) < diam(B) where r(B) is the Chebyshev radius of B. As in Corollary 52 in Chapter (Prus) we can obtain a sequence {x_n} ⊂ B which converges to x with respect to τ and

lim_n ‖x_n − x‖ = lim_n ‖x_n − x_m‖

for every m ∈ N. Applying Theorem 13 there exists a subsequence {y_n} ⊂ {x_n} such that lim_{n,m;n≠m} ‖y_n − y_m‖ exists. Finally, if we set z_n = y_n − x it is clear that the sequence {z_n} is bounded, τ-null convergent since τ is a linear topology and also lim_n ‖z_n‖ = lim_{n,m;n≠m} ‖z_n − z_m‖ which contradicts the τ-GGLD property.

Notice that if τ is the weak topology the separability is not necessary in the same way as in Corollary 52 in Chapter (Prus).

Recall that if X is a Banach space and τ a topology on X the following coefficient was defined in Chapter (Prus) τCS(X) = inf { lim_{n,m;n≠m} ‖x_n − x_m‖ lim_n ‖x_n‖ }

where the infimum is taken over all norm bounded sequences which converge to 0 in τ, both limits exist and lim ‖x_n‖ ≠ 0. Property τ-GGLD is related to the coefficient τCS(X) in the following way: X has the τ-GGLD property if τCS(X) > 1. Consequently, we can state the following result which relates the τ-FPP and the coefficient τCS(X).

Corollary 22. Let X be a separable Banach space and τ a linear topology on X such that the norm is a τ-slsc function. If τCS(X) > 1 then X has the τ-FPP. If τ ≡ w the separability assumption is not necessary.

Remark 17 If X = (L_p(μ), ‖.‖_p) ) and τ is the clm-topology then τCS(X) = 2^{1/p} for 1 ≤ p < ∞ ( see chapter Prus). So as a consequence of Corollary 22 we can deduce that L_1(μ) has the clm-FPP although fails the weak-FPP (see [Al]). This result had been proved previously by Lennard ([Le]).

To finish this section, we shall see how the coefficient τCS(X) is related to the moduli of noncompact convexity defined in Remark 13 in Section 3. As a consequence the moduli of noncompact convexity are also useful to deduce fixed point results for nonexpansive mappings.

Lemma 23. Let X be a Banach space and τ a linear topology on X. Then: τCS(X) ≥ lim_{ε→1−} 1 1 − Δ_{X,β,τ} (ε) = 1 1 − Δ_{X,β,τ} (1^−)

Proof. Let ϵ < 1 be an arbitrary positive number and {x_n} a sequence τconvergent to zero, such that lim_n ‖x_n‖ exists and lim_{n,m;n≠m} ‖x_n−x_m‖ = (ϵ+1)/2. If we take ϵ < η < (ϵ + 1)/2, we can find k_0 ∈ N such that η ≤ ‖x_n − x_m‖ ≤ 1 if m, n ≥ k_0. Consider m ≥ k_0 and the sequence {y_n} = {x_n − x_m}_{n≥k0} which is τ-convergent to the point −x_m. In addition, the sequence {y_n} is contained in the closed unit ball of X and sep({y_n}) ≥ η > ϵ. From the definition of the modulus Δ_{X,β,τ} (·), we deduce that ‖x_m‖ ≤ 1 − Δ_{X,β,τ} (ϵ). Letting m → +∞ we obtain: lim_{n,m;n≠m} ‖x_n − x_m‖ lim_n ‖x_n‖ ≥ ϵ+1 2 1 − Δ_{X,β,τ} (ε) Finally, taking the limit as ϵ → 1^− we deduce the desired inequality.

Remark 18 If X is UKK(τ), from Lemma 23, τCSX > 1. Therefore, if X is a separable Banach space, τ a linear topology such that the norm is a τ − slcs function and X is UKK(τ), then has the τ-FPP [Le]. Notice that from Lemma 23 we may deduce the same conclusion considering Δ_{X,β,τ} (1^−) > 0.

Recall that a Banach space X is said to have the nonstrict Opial property with respect to a topology τ is

lim inf_n ‖x_n‖ ≤ lim inf_n ‖x + x_n‖

for every τ-null bounded sequence {x_n} in X and x ∈ X. Before Lemma 15 it was proved for Hilbert spaces that χ({y_n}) = lim ‖y_n − v‖ if {y_n} is w-convergent to v and lim ‖y_n − v‖ exists. Following the same argumente it is easy to deduce the following fact: If τ is a linear topology on X and X satisfies the nonstrict Opial property with respect to τ then χ({y_n}) = lim ‖y_n − v‖ if {x_n} is a sequence in X τ-convergent to v and lim ‖y_n − v‖ exists. This property will be used in the proof of the next result:

Lemma 24. Suppose that X verifies the nonstrict Opial property with respect to a linear topology τ defined on X. Then τCS(X) ≥ h_0 where

h_0 = sup { t ≥ 1 : 1 t + Δ_{X,χ,τ} ( 1^− t ) ≥ 1 } .

Proof. We define the function h(t) = 1 t + Δ_{X,χ,τ} ( 1^− t ) . Since Δ_{X,χ,τ} (·) is a nondecreasing function, h is increasing.

To obtain a contradiction, suppose that τCS(X) < h_0. Take l ∈ (τCS(X), h_0) and a normalized sequence which converges to zero for the topology τ and such that lim_{n,m;n≠m} ‖x_n − x_m‖ ≤ l. Let ε be an arbitrary positive number with l + 2ε < h_0. There exists n_0 ∈ N such that ‖x_n − x_m‖ ≤ l + ε if n, m ≥ n_0. Fix k ≥ n_0 and consider the sequence y_n = (x_k − x_n)/(l + ε) with n ≥ n_0. Then, {y_n} is contained in the closed unit ball of X, τ-converges to the point x_k/(l + ε) and ‖ ‖ ‖y^n − x_k l + ε ‖ ‖ ‖ = ‖ ‖ ‖ x_n l + ε ‖ ‖ ‖ = 1 l + ε for every n ∈ N.

From the nonstrict Opial condition with respect to τ we deduce χ({y_n}) = 1/(l + ε) > 1/(l + 2ε). Therefore, if we put l^′ = l + 2ε, we obtain: 1 l^′ < 1 l + ε = ‖ ‖ ‖ x_k l + ε ‖ ‖ ‖ ≤ 1 − Δ^{X,χ,τ} ( 1 l + 2ε ) = 1 − Δ_{X,χ,τ} ( 1 l^′ ) . Hence h(l^′) < 1, which contradicts the definition of h_0 since l^′ < h_0.

Remark 19 The lower bounds for τCS(X) given in the above lemmas are the best possible in general. Notice that for the space X = (L_p(μ), ‖ · ‖_p) endowed with the clm topology we have: 1 1 − Δ_{X,β,clm}(1^−) = 2^{1/p}, h_0 = 2^{1/p}.

This corresponds to the actual value of (clm)CS(L_p(μ)). However, the inequalities can be strict in some Banach spaces (see Chapter VI in [ADL2]).

4. Fixed points in NUS spaces

In Section 4 we studied the w-FPP as a property which is implied by either the GGLD property or normal structure. However, there are Banach spaces without these properties which have the FPP. For instance, ℓ^{p,∞} does not have normal structure (see [ADL, Example VI.2]), but this space has the FPP. This fact can be proved, for instance, checking that the Banach-Mazur distance between ℓ^{p,∞} and ℓ^p is 2^{1/p} and applying a stability result in [By3].

On the other hand, NUS spaces (see definition in Prus chapter ) can also fail to have normal structure. The space ℓ^{p,∞} is again an example of this assertion. However, we will prove that NUS spaces have the FPP.

We are going to prove a basic result in metric fixed point theory: Goebel- Karlovitz’s lemma. We need some previous definitions.

Definition 8. Let (X, d) be a metric space and T a mapping from X into X. A sequence {x_n} is called an approximated fixed point sequence for T if d(x_n, T x_n) → 0 as n → ∞. If we assume that C is a convex bounded closed subset of a Banach space X and T : C → C a nonexpansive mapping, it is easy to prove that an approximated fixed point sequence exists in C.

Definition 9. The asymptotic radius and centre of a sequence {x_n} in a Banach space X will be defined by: r_a({x_n}, B) = inf{lim sup_{n→∞} ‖x_n − y‖ : y ∈ B}, Z_a({x_n}, B) = {y ∈ B : lim sup_{n→∞} ‖x_n − y‖ = r_a({x_n}, B)}, for a subset B of X. When B = co({x_n}) we will denote r_a({x_n}, co({x_n})) and Z_a({x_n}, co({x_n})) respectively by r_a({x_n}) and Z_a({x_n}).

Proposition 25. Let K be a weakly compact convex subset of a Banach space X, and T : K → K be a nonexpansive mapping. Assume that K is minimal for T , that is, no closed convex bounded proper subset of K is invariant for T . If {x_n} is an approximated fixed point sequence in K, then Z_a({x_n}, K) = K. Proof. Let Z_{a,ε}({x_n}, K) = {y ∈ K : lim sup_{n→∞} ‖x_n − y‖ ≤ r_a({x_n}, K) + ε}. It is easy to check that Z_{a,ε}({x_n}, K) is nonempty, closed, convex and invariant for T . Thus Z_{a,ε}({x_n}, K) = K and Z_a({x_n}, K) = ⋂ ε>0 Z_{a,ε}({x_n}, K) = K. Lemma 26 (Goebel-Karlovitz). Let K be a weakly compact convex subset of a Banach space X, and T : K → K be a nonexpansive mapping. Assume that K is minimal for T and {x_n} is an approximated fixed point sequence for T . Then

lim_{n→∞} ‖y − x_n‖ = diam(K)

for every y ∈ K.

Proof. Since T (K) ⊂ K we have co(T (K)) ⊂ K. Thus co(T (K)) is a weakly compact convex subset of K which is also invariant under T . The minimality of K implies K = co(T (K)). Since K is a weakly compact and convex set we know that Z(K) is a nonempty set. Let x ∈ Z(K). For every y ∈ K we have ‖T y − T x‖ ≤ ‖y − x‖ ≤ r(K). Thus T (K) is contained in the closed ball B(T x, r(K)) which implies that co(T (K)) = K ⊂ B(T x, r(K)). Hence sup{‖y − T x‖ : y ∈ K} ≤ r(K) which means T x ∈ Z(K). Thus Z(K) is a convex weakly compact subset of K and is invariant under T . Again the minimality of K implies Z(K) = K and so K is a diametral set.

We claim now that lim sup_{n→∞} ‖y−x_n‖ = diam(K) for every y ∈ K. Indeed, we assume that a vector y ∈ K exists such that lim sup_{n→∞} ‖y − x_n‖ < diam(K). We let r = lim sup_{n→∞} ‖y − x_n‖ and d = diam(K) and consider the family {B(z, (r + d)/2) ∩ K : z ∈ K}. Choose any positive ε < (d − r)/2. From Proposition 25 we know that lim sup_{n→∞} ‖x_n − z‖ = r for any z ∈ K. Thus, for any finite subset {z_1, ..., z_k} of K an integer N exists such that ‖x_N − z_i‖ ≤ r + ε = (r + d)/2 for i = 1, ..., k. Hence x_N belongs to ⋂_k i=1 B(z_i, (r + d)/2). The weak compactness of K implies the existence of x_0 ∈ ⋂ z∈K B(z, (r + d)/2) ∩ K and this point is not diametral because sup_{z∈K} ‖z − x_0‖ < r + d 2 < d = diam(K).

This contradiction proves the claim. If lim inf_{n→∞} ‖y − x_n‖ < diam(K) for some y ∈ K there is a subsequence {y_n} of {x_n} such that lim sup_{n→∞} ‖y_n − y‖ = lim inf_{n→∞} ‖x_n − y‖ < diam(K), contradicting the claim, because every subsequence of an approximated fixed point sequence is also an approximated fixed point sequence.

Lemma 27. Let K be a weakly compact convex subset of a Banach space X, and T : K → K be a nonexpansive mapping. Assume that K is minimal for T , diam(K) = 1 and {x_n} is an approximated fixed point sequence for T which is weakly null. Then, for every ε > 0, there exists a sequence {z_n} in K such that:

(i) {z_n} is weakly convergent to a point z ∈ K. (ii) ‖z_n‖ > 1 − ε for every n ∈ N. (iii) ‖z_n − z_m‖ ≤ 1/2 for every n, m ∈ N. (iv) lim sup_n ‖z_n − x_n‖ ≤ 1/2.

Proof. If {w_n} is an approximated fixed point sequence in K, we know from lemma 26 that lim_n ‖w_n‖ = 1 because we supposed that 0 ∈ K. Therefore, for every ε > 0 there exists δ(ε) > 0 such that ‖x‖ > 1 − ε if x ∈ K and ‖T x − x‖ < δ(ε). Indeed, otherwise, there exists ε_0 > 0 such that we can find w_n ∈ K with ‖T w_n − w_n‖ < 1/n and ‖w_n‖ ≤ 1 − ε_0 for every n ∈ N. Thus, the sequence {w_n} is approximated fixed point sequence in K which satisfies lim sup_n ‖w_n‖ ≤ 1 − ε_0.

Let ε > 0. We choose γ < min{1, δ(ε)} and for every n ∈ N we define the contractive mapping S_n : K → K by

S_n(x) = (1 − γ)T (x) + γ/2x_n.

Banach’s Contraction Principle assures the existence of a (unique) fixed point z_n for S_n. Since K is weakly compact, we can assume, taking a subsequence if necessary that {z_n} satisfies (i). Since ‖z_n − T z_n‖ ≤ γ‖T z_n − 1 2 x_n ≤ γδ(ε) we know that {z_n} satisfies (ii).

Condition (iii) easily follows and (iv) is a consequence of the inequalities ‖z_n − x_n‖ ≤ ‖(1 − γ)T z_n + γx_n 2 − x_n‖

≤ (1 − γ)‖T z_n − T x_n‖ + (1 − γ)‖T x_n − x_n‖ + γ‖x_n‖ 2 . Thus, ‖z_n − x_n‖ ≤ 1 2 + 1 − γ γ ‖T x_n − x_n‖. Taking limit sup as n tends to infinity we obtain (iv).

The following definition was given in [Ga]:

Definition 10. Let X be a Banach space. We define the coefficient

R(X) = sup{lim inf_{n→∞} ‖x_n + x‖}

where the supremum is taken over all x ∈ X with ‖x‖ ≤ 1 and over all weakly null sequences in B(0, 1).

Theorem 28. Let X be a Banach space and assume that R(X) < 2. Then X has the weak fixed point property.

Proof. If we assume that X fails to have the w-FPP, we can find a weakly compact and convex subset K of X such that diam(K) = 1 and K is minimal invariant for a nonexpansive mapping T and an approximated fixed point sequence {x_n} in K. We can assume that {x_n} is weakly convergent, and by translation that {x_n} is weakly null. Consider a sequence {z_n} satisfying (i)-(iv) in lemma 27 Taking again a subsequence, if necessary, we can assume that lim_n ‖z_n − z‖ exists. Furthermore, lim_n ‖z_n − z‖ ≤ lim sup_n lim sup_m ‖z_n − z_m‖ ≤ 1/2.

A positive η can be chosen such that ηR(X) < 1 − R(X)/2. For a large enough n, we have ‖z_n − z‖ ≤ 1/2 + η. Furthermore ‖z‖ ≤ lim inf_{n→∞} ‖z_n − x_n‖ ≤ 1/2. Hence ‖ ‖ ‖ ‖ z_n 1/2 + η ‖ ‖ ‖ = ‖ ‖ ‖ z_n − z 1/2 + η + z 1/2 + η ‖ ‖ ‖ ≤ R(X). Thus lim sup_{n→∞} ‖z_n‖ ≤ R(X)(1/2 + η) < 1 which is a contradiction because 0 ∈ K. Remark 20: Assume X = c_0. It is easy to check that R(c_0) = 2 and so c_0 has the w-FPP although c_0 does not satisfy the GGLD property.

Theorem 29. Let X be an NUS Banach space. Then R(X) < 2.

Proof. Since X is NUS we know that for any ε > 0 there exists δ > 0 such that for any weakly null sequence in B_X and any x ∈ B_X a positive integer k exists such that ‖x + tx_k‖ ≤ 1 + εt if 0 < t < δ. Hence, ‖x + x_k‖ ≤ ‖x + tx_k‖ + (1 − t)‖x_k‖ ≤ 2 + t(1 − ε). Furthermore k can be chosen arbitrarily large because the same argument can be applied to the sequence {y_n} where y_1 = x and y_n = x_{k+n} for n > 1. Hence R(X) < 2.

5. Asymptotically regular mapping

We shall study in this section the existence of fixed points for a different class of mappings, called asymptotically regular mappings. The concept of asymptotically regular mappings is due to Browder and Petryshyn [BP]. The fixed point theorems which we shall study are based upon coefficients concerning the modulus of NUC or Opial modulus.

Definition 11. Let (X, d) be a metric space. A mapping T : M → M is called asymptotically regular if lim_{n→∞} d(T^nx, T^{n+1}x) = 0

for all x ∈ M.

Example 7: Let T : [0, 1] → [0, 1] be an arbitrary nonexpansive mapping. It is easy to check that S = (I + T )/2 is also nonexpansive. Thus |S^{n+1}x − S^nx| ≤ ... ≤ |S^2x − Sx| ≤ |Sx − x|.

Furthermore S is a nondecreasing function. Indeed, if x ≤ y and Sx > Sy we have (x + T x)/2 > (y + T y)/2 which implies |T x − T y| ≥ T x − T y > y − x = |x − y|. Thus 1 ≥ |S^{n+1}x − x| = n∑ k=1 |S^{k+1}x − S^kx| ≥ n|S^{n+1}x − S^nx| which implies |S^{n+1}x−S^nx| ≤ 1/n. Then S is asymptotically regular. In fact, it can be proved (see [GK1, Theorem 9.4, page 98]) that if T is a nonexpansive mapping from a bounded convex subset C of a Banach space into C, then T_λ = λI +(1−λ)T is asymptotically regular for all 0 < λ < 1.

We will show the possibility of using a modulus of noncompact convexity and Opial modulus to obtain fixed point theorems for asymptotically regular mappings. We need some notations: If S is a mapping from a set C into itself, then we use the symbol |S| to denote the Lipschitz constant of S, that is, |S| = sup { ‖Sx − Sy‖ ‖x − y‖ : x, y ∈ C, x ≠ y } . Now if T is a mapping on C, we set

s(T ) = lim inf_{n→∞} |T^n|.

Theorem 30. Let X be a Banach space, C a nonempty closed τ-sequentially compact subset of X, and T : C → C an asymptotically regular mapping. Assume that one of the following conditions is satisfied:

(a) s(T ) < 1 + r_{X,τ} (1) (b) s(T ) < √ τCS(X) (c) s(T ) < 1/(1 − Δ_{X,β,τ} (1^−)) Then T has a fixed point.

Proof. Choose a subsequence {n_k} of positive integers such that s(T ) = lim_k |T^{nk} |. For any x ∈ C we can construct a subsequence {n_k(x)} ⊂ {n_k} such that {T^{nk(x)}x}_k is τ-convergent, say to l(x), and lim_{l,k;l≠k} ‖T^{nk(x)}x − T^{nl (x)}x‖ and lim_k ‖T^{nk(x)}x − l(x)‖ exist. We construct a sequence {x_m} ⊂ C and sequences of positive integers {n_k(x_m)} in the following way:

x_0 ∈ C arbitrary

x_m = l(x_{m−1}) = τ − lim_k T^{nk (xm−1)}x_{m−1},

{n_k(x_m)}_k ⊂ {n_k(x_{m−1})}_k for all k ≥ 1.

By using a diagonal argument we consider the sequence of positive integers n_i = n_i(x_i) for all i ∈ N. In this way, we have that the sequence {T^{ni} x_m} is weakly convergent to x_{m+1}, lim_{i,j;i≠j} ‖T^{ni} x_m − T^{nj} x_m‖ and lim_i ‖T^{ni} x_m − x_{m+1}‖ exist for all m ∈ N and s(T ) = lim_i |T^{ni} |.

We are going to prove that {x_m} is norm convergent to a vector in C. Denote B_m = lim_i ‖T^{ni} x_m − x_{m+1}‖. Our proof is based upon the following claim:

Claim. Assume that s(T ) satisfies either (a) or (b) or (c). Then, there exists α < 1 such that B_m < αB_{m−1} for any m ∈ N.

Using this claim we can go on the proof. Firstly, we know that lim_m B_m = 0. By using that the norm on X is τ-sequentially lower semicontinuous we deduce

‖x_m − x_{m+1}‖ ≤ lim sup_i ‖x_m − T^{ni} x_m‖ + lim sup_i ‖T^{ni} x_m − x_{m+1}‖ ≤

lim sup_i ( lim inf_j ‖T^{nj} x_{m−1} − T^{ni} x_m‖ ) + B_m ≤ s(T )B_{m−1} + B_m.

which implies that {x_m} is a Cauchy sequence. Let z = lim_m x_m. Since C is closed, z ∈ C. Furthermore ‖z − T^{ni} z‖ ≤ ‖z − x_{m+1}‖ + ‖x_{m+1} − T^{ni} x_m‖ + ‖T^{ni} x_m − T^{ni} z‖ ≤ ‖z − x_{m+1}‖ + ‖x_{m+1} − T^{ni} x_m‖ + L_i‖x_m − z‖. Taking the limit as i → ∞ yields lim sup_i ‖z − T^{ni} z‖ ≤ ‖z − x_{m+1}‖ + B_m + s(T )‖x_m − z‖ → 0 as m → ∞. Hence T^{ni} z → z. From the assumption on s(T ) there exits a positive integer k such that |T^k| < +∞. If we choose a positive number ϵ, the asymptotic regularity of T implies that there exists i_0 ∈ N such that ‖T^{ni+k}z − T^{ni} z‖ < ϵ if i ≥ i_0. We also assume ‖T^{ni} z − z‖ ≤ ϵ.

Hence, for i ≥ i_0 we obtain ‖T^kz − z‖ ≤ ‖T^kz − T^{ni+k}z‖ + ‖T^{ni+k}z − T^{ni} z‖ + ‖T^{ni} z − z‖ ≤

(|T^k| + 1 + 1)ϵ → 0 as ϵ → 0.

yielding T^kz = z. It is easily verified by induction that T^{ks}z = z for s = 1, 2, · · · . Therefore ‖T z − z‖ = ‖T^{ks+1} − T^{ks}z‖ → 0 as s → ∞. So z is a fixed point for T in C.

It remains to prove the claim. From the definition of τCS(X) we obtain B_m ≤ lim_{i,j;i≠j} ‖T^{ni} x_m − T^{nj} x_m‖ τCS(X) The asymptotic regularity of T on C ensures that lim_j ‖T^{nj −l}x_m − x_m‖ = lim_j ‖T^{nj} x_m − x_m‖ for any l ∈ N. Thus lim i,j;i≠j ‖T^{ni} x_m − T^{nj} x_m‖ = lim sup_i ( lim sup_j ‖T^{ni} x_m − T^{nj} x_m‖ ) ≤

lim sup_i |T^{ni} | lim sup_j ‖x_m − T^{nj −ni} x_m‖ = s(T ) lim sup_j ‖x_m − T^{nj} x_m‖.

Therefore B_m ≤ s(T ) τCS(X) lim sup_j ‖x_m − T^{nj} x_m‖.

Now, we split the proof in two parts. For (a) denote α = sup{c > 0 : r_{X,τ} (c) ≤ s(T ) − 1}. We claim that α < 1. Indeed, otherwise sup{c > 0 : r_{X,τ} (c) ≤ s(T ) − 1} ≥ 1 which implies r_{X,τ} (c) ≤ s(T ) − 1 for every c < 1. The continuity of r_{X,τ} (·) implies r_{X,τ} (1) ≤ s(T ) − 1 < r_{X,τ} (1), a contradiction. Consider the sequence {z_j } = { T^{nj} x_{m−1} − x_m B_{m−1} } j which is null convergent with respect to the topology τ and lim_j ‖z_j ‖ = 1. We can apply the definition of the uniform Opial modulus r_{X,τ} (·) to the sequence {z_j } and the vector (x_m − T^{ni} x_m)/B_{m−1}. In this way we obtain

lim inf_j ‖ ‖ ‖z^j + x_m − T^{ni} x_m B_{m−1} ‖ ‖ ‖ = lim inf_j ‖T^{nj} x_{m−1} − T^{ni} x_m‖ B_{m−1} ≥

1 + r_{X,τ} ( ‖T^{ni} x_m − x_m‖ B_{m−1} ) . Thus 1 + r_{X,τ} ( ‖T^{ni} x_m − x_m‖ B_{m−1} ) ≤ 1 B_{m−1} L_i lim inf_j ‖T^{nj} x_{m−1} − x_m‖ = L_i

which implies, using the continuity of r_{X,τ} (·), that 1 + r_{X,τ} ( lim sup_i ‖T^{ni} x_m − x_m‖ B_{m−1} ) ≤ s(T ) and lim sup_i ‖T^{ni} x_m − x_m‖ ≤ αB_{m−1}. Since s(T ) < 1 + r_{X,τ} (1) ≤ τCS(X) we obtain B_m ≤ αB_{m−1}.

For (b) and (c) we consider the sequence {z_j } = { T^{ni} x_m − T^{nj} x_{m−1} ηL_iB_{m−1} } j where L_i = |T^{ni} |, i ∈ N is fixed and η > 0 is arbitrary.

Since

lim sup_j ‖T^{ni} x_m − T^{nj} x_{m−1}‖ ≤ |T^{ni} | lim sup_j ‖x_m − T^{nj} x_{m−1}‖ = L_iB_{m−1},

there exists j_0 ∈ N such that {z_j }_{j≥j0} lies in the unit ball of X. On the other hand, this sequence is τ-convergent to the vector T^{ni} x_m − x_m L_iB_{m−1}(1 + η) .

Furthermore lim j,k;j≠k ‖z_j − z_k‖ = 1 (1 + η)L_iB_{m−1} lim j,k;j≠k ‖T^{nj} x_{m−1} − T^{nk} x_{m−1}‖ ≥

1 L_i(1 + η)B_{m−1} τCS(X)B_{m−1}. Since s(T ) < 1 1 + Δ_{X,β,τ} (1^−) ≤ τCS(X), (⋆) choose i ∈ N large enough such that (1 + 2η)L_i < (1 + 3η)τCS(X). Applying the definition of the modulus Δ_{X,β,τ} (·) we obtain ‖T^{ni} x_m − x_m‖ (1 + η)L_iB_{m−1} ≤ 1 − Δ_{X,β,τ} ( τCS(X) (1 + 2η)L_i ) ≤ 1 − Δ_{X,β,τ} ( 1 1 + 3η )

Letting i → ∞ and η → 0 we get B_m ≤ αB_{m−1} with α = s(T )^2 τCS(X) ( 1 − Δ_{X,βτ} (1^−) ) . Now notice that α < 1 in case (a) because from the τ-sequential lower semicontinuity of the norm we derive that the function Δ_{X,β,τ} (·) is nonnegative and in case (b) we can use (⋆).

COMMENTS AND FURTHER RESULTS IN THIS CHAPTER.

(1) Lemma 26 was independently proved by Goebel [Go2] and Karlovitz [Ka2]. Theorems 28 and 29 were first proved in [Ga]. We follow a more direct proof using Lemma 27, which is taken from [LJ2].

Theorem 30 is basically proved in [DJ]. Previous results in this direction can be found in [CM,Kuc,DX].

(2) The converse of Theorem 21 is not true. Indeed, on the space L_1([0, 1]) we introduce the equivalent norm

|||x|||^2 = ‖x‖^2_1 + (_∞ ∑ k=1 |x(k)| 2^k

)_2

where x = ∑_∞ k=1 x(k)e_k, {e_k} is a Schauder basis in L_1([0, 1]) (for instance, the Haar system) and ‖ · ‖_1 is the usual norm on L_1([0, 1]). Since (L_1([0, 1]), ‖ · ‖_1) fails to have the w-FPP [Al], L_1[0, 1] does not have the w-GGLD property. Then, there exists a weakly null sequence {x_n} such that lim_n ‖x_n‖_1 = lim_{n,m;n≠m} ‖x_n − x_m‖_1. It is easy to check that if {x_n} is a weakly null sequence then

lim_n ∞∑ k=1 |x_n(k)| 2^k

= 0.

Thus lim_{n,m;n≠m} |||x_n − x_m|||^2 lim_n |||x_n|||^2 = lim_{n,m;n≠m} ‖x_n − x_m‖^2_1 lim_n ‖x_n‖^2_1

= 1.

But (L_1([0, 1]), ||| · |||) is U.C.E.D. [DGZ, Corollary 6.9, page 66] and consequently this space has the w-FPP.

(3) The coefficient W CS(X) is introduced in [By3] using a different definition: W CS(X) = inf{ diam_a({x_n}) r_a({x_n}) : {x_n} is a weakly convergent sequence

which is not norm convergent}

where diam_a({x_n}) = lim_k sup{‖x_n − x_m‖ : n, m ≥ k} is the asymptotic diameter of {x_n}. However, both definitions are equivalent as proved in [ADL2].

(4) In some spaces, WCS(X) can be strictly greater than the lower bound obtained in Lemma 23, as the following example shows. Let X be the space ℓ^2 renormed by

‖(x^k)‖ = max |x^1|, (_∞ ∑ k=2 (x^k)^2 ) 1_2 . If {x_n} = {(x^k_n)} is a weakly convergent sequence, taking a subsequence and by translation we can assume that {x^1_n} → 0. So W CS(X) = W CS(ℓ^2) = √ 2. However, considering the sequence {x_n} = {(x^k_n)} where x^1_n = 1 for every n ∈ N, and x^k_n = δ_{kn} for k ≥ 2, it is clear that Δ_{X,β} (1) = 0.

(5) It is known that a Banach space X is reflexive if N(X) > 1 (N(X) is the normal structure coefficient defined in [By3]). However we can find nonreflexive Banach spaces, without the Schur property, such that W CS(X) > 1. Indeed, let X be the space ℓ^1 × ℓ^2 with the norm ‖(x, y)‖ = √ ‖x‖^2_1 + ‖y‖^2 and let {(x_n, y_n)} be a normalized weakly null sequence such that lim_{n,m;n≠m} ‖(x_n, y_n) − (x_m, y_m)‖ exists. Since {x_n} is weakly null and ℓ^1 has the Schur property we know {x_n} converges to zero. Therefore lim n,m;n≠m ‖(x_n, y_n) − (x_m, y_m)‖ = lim_{n,m;n≠m} ‖y_n − y_m‖ and lim_n ‖y_n‖ = 1. Since W CS(ℓ^2) = √ 2 it is easy to check that W CS(X) = √ 2 although X is not reflexive.

(6) The following example shows that W CS(X) (and so N(X)) can be 1 in a Banach space with normal structure: Let X be the ℓ^2-direct sum of the sequence spaces {ℓ^n}_{n≥2}. This space is reflexive and it has normal structure because it is a UCED space. However, W CS(X) = inf{W CS(ℓ^n) : n ≥ 2} = inf{2^{1/n} : n ≥ 2} =1. (7) Instead of the coefficient R(X) a uniparameter family of coefficients for any nonnegative number a are defined in [Do8] by R(a, X) = sup{lim inf_{n→∞} ‖x_n + x‖} where the supremum is taken over all x ∈ X with ‖x‖ ≤ a and over all weakly null sequences in B(0, 1) such that lim_{n,m ;n≠m} ‖x_n − x_m‖ ≤ 1 and it is proved that X has the weak fixed point property if R(a, X) < 1 + a for some a. The coefficient M(X) is defined now as M(X) as sup { 1 + a R(a, X) : a ≥ 0 } . This coefficient is specially useful to obtain stability results of the w-FPP. In particular, M(X) can be bounded from below using the modulus of k-uniform smoothness and the modulus of nearly uniform smoothness [ADL2, Chapter VII]. Using the coefficient M(X) it is proved in [Do8] that X has the FPP if X is isomorphic to ℓ_2 and the Banach-Mazur distance between these spaces is less than √ 3. A better stability bound for ℓ_2 has been obtained in [ Ln]

(8) An interesting open question is to know for which topology τ, Theorem 29 holds when the space X is NUS(τ). The proof of Lemma 5.1 is heavily based upon the weak lower sequential semicontinuity of the type null functions, i.e. assume that {x_n} is a weakly null sequence and consider the function ϕ(x) = lim sup ‖x_n − x‖. Then ϕ(·) is weakly lower sequentially semicontinous. It is known if this property is preserved for some other topologies, in particular for the weak star topology. In [J] it is proved that ϕ(·) is clm-lower semicontinous in the spaces L_p(Ω) for 1 < p < +∞. (9) The existence of fixed points for asymptotically regular mappings can be also studied using the coefficient κ_τ (X) defined in the following way:

(i) A number b ≥ 0 is said to have the property (P_τ ) with respect to M if there exists a > 1 such that for all x, y ∈ M and r > 0 with ‖x − y‖ ≥ r and each τ-convergent sequence {ξ_n} ⊂ M for which

lim sup_{n→∞} ‖ξ_n − x‖ ≤ ar and lim sup_{n→∞} ‖ξ_n − y‖ ≤ br, there exists some z ∈ M such that lim inf_{n→∞} ‖ξ_n − z‖ ≤ r.

(ii) κ_τ (M) = sup{b > 0 : b has property (P_τ ) with respect to M}. (iii) κ_τ (X) = inf{κ_τ (M) : M is as above }. The following result is proved in [DX]:

Theorem. Suppose X is a Banach space and C is a τ-sequentially compact subset of X. If T : C → C is an asymptotically regular mapping and s(T ) < κ_w(C), then T has a fixed point.

Connections between κ_τ (X) and either moduli of noncompact convexity or the coefficient τCS(X) can found in [J]

(10) The modulus of noncompact convexity corresponding to the Hausdorff measure of noncompactness can be also used to to obtain fixed point for asymptotically regular mappings. Indeed, in [DJ] the following result is proved: Let X be a Banach space, C a nonempty weakly compact subset of X, and T : C → C an asymptotically regular mapping and h = sup{t ≥ 1 :^1_t + Δ_{X,χ}

(_1 t ) ≥ 1}. If X satisfies the non-strict Opial condition and s(T ) < h, then T has a fixed point. On the other hand, Opial modulus also provides a lower estimate for the coefficient κ_w(X) above defined (see [ADL2, Chapter IX]).

REFERENCES

[A] J. Arias de Reyna, On r-separated sets in normed spaces, Proc. Amer. Math. Soc. 112 (4) (1991), 1087-1094.

[AD] J. Arias de Reyna and T. Domínguez Benavides, On a measure of noncompactness in Banach spaces with Schauder basis, Bolletino U.M.I. (7) 7-A (1993), 77-86.

[AD1] J.M. Ayerbe and T. Domínguez Benavides, Set-contractions and ball-contractions in L^pspaces, J. Math. Anal. Appl. 159 (2) (1991), 500-506.

[AD2] J.M. Ayerbe and T. Domínguez Benavides, Connections between some Banach space coefficients concerning normal structure, J. Math. Anal. Appl. 172 (1993), 53-61.

[ADF1] J.M. Ayerbe, T. Domínguez Benavides and S. Francisco Cutillas, Some noncompact convexity moduli for the property (β) of Rolewicz, Comm. Appl. Nonlinear Anal. 1 (1) (1994), 87-98.

[ADF2] J.M. Ayerbe, T. Domínguez Benavides and S. Francisco Cutillas, A modulus for the property (β) of Rolewicz, Colloq. Math. (to appear).

[ADL1] J.M. Ayerbe, T. Domínguez Benavides and G. López Acedo, Connections between some measures of noncompactness and associated operators, Extracta Math. 5 (2) (1990), 62-64.

[ADL2] J.M. Ayerbe, T. Domínguez Benavides and G. López Acedo, Measures of Noncompactness in Metric Fixed point Theory, Birkhäuser Verlag, 1997.

[AK] A.G. Aksoy and M.A. Khamsi, Nonstandard Methods in Fixed Point Theory, Springer- Verlag, 1990.

[AKPRS]R.R. Akhmerov, M.I. Kamenskiĭ, A.S. Potapov, A.E. Rodkina and B.N. Sadovskiĭ, Measures of Noncompactness and Condensing Operators, Birkhäuser Verlag, 1992.

[Al] D.E. Alspach, A fixed point free nonexpansive map, Proc. Amer. Math. Soc. 82 (1981), 423-424.

[As] E. Asplund, Positivity of duality mappings, Bull. Amer. Math. Soc. 73 (1967), 200-203. [AX] J.M. Ayerbe and H.K. Xu, On certain geometric coefficients of Banach spaces relating to fixed point theory, Panamerican J. Math. 3 (3) (1993), 47-59.

[Ba] J. Barwise, Handbook of Mathematical Logic and Foundations of Mathematics, vol. 90, North-Holland, 1977.

[Ba1] J. Banaś, On modulus of noncompact convexity and its properties, Canad. Math. Bull.

30 (2) (1987), 186-192.

[Ba2] J. Banaś, Compactness conditions in the geometric theory of Banach spaces, Nonlinear Anal. 16 (7/8) (1991), 669-682.

[Be] M. Besbes , Points fixes des contractions definies sur un convexe L^0-fermé de L^1, C.R.

Acad. Sci. Paris Ser. I Math 311(5) (1990), 243-246.

[BG] J. Banaś and K. Goebel, Measures of Noncompactness in Banach Spaces, Marcel Dekker, Inc., 1980.

[BKS] L.P. Belluce, W.A. Kirk and E.F. Steiner, Normal structure in Banach spaces, Pacific J.

Math. 26 (1968), 433-440.

[BL] H. Brezis and E. Lieb, A relation between poitwise convergence of functions and convergence of functionals, Proc. Amer. Math. Soc. 88(3) (1983), 486-490.

[BM] M.S. Brodskiĭ and D.P.Milman, On the center of a convex set, Dokl. Akad. Nau. S.S.S.R.

59 (1948), 837-840 (Russian).

[Bn] S. Banach, Sur les opérations dans les ensembles abstraits et leurs applications, Fund.

Math. 3 (1922), 133-181.

[Bo] P. Bohl, Über die Bewegung eines mechanisches Systems in der Nahe einer Gleichgewishstlage, J. Reine Angew Math. 127 (1904), 279-286.

[BP] F.E. Browder and W.V. Petryshyn, The solution by iteration of nonlinear functional equations in Banach spaces, Bull. Amer. Math. Soc. 72 (1966), 571-576.

[Br] L.E.J. Brouwer, Über Abbildungen von Mannigfaltigkeiten, Math. Ann. 71 (1912), 97-115. [Br1] F.E. Browder, Fixed point theorems for noncompact mappings in Hilbert spaces, Proc.

Nat. Acad. Sci. USA 43 (1965), 1272-1276.

[Br2] F.E. Browder, Nonexpansive nonlinear operators in a Banach space, Proc. Nat. Acad.

Sci. USA 54 (1965), 1041-1044.

[Br3] F.E. Browder, Convergence theorems for sequences of nonlinear operators in Banach spaces, Math. Z. 100 (1967), 201-225.

[By1] W.L. Bynum, A class of spaces lacking normal structure, Compositio Math. 25 (1972), 233-236.

[By2] W.L. Bynum, Normal structure of Banach spaces, Manuscripta Math. 11 (1974), 203-209. [By3] W.L. Bynum, Normal structure coefficients for Banach spaces, Pacific J. Math. 86 (1980), 427-436.

[D] G. Darbo, Punti uniti in transformazioni a codomio non compatto, Rend. Sem. Mat. Uni.

Padova 24 (1955), 84-92.

[D1] K. Deimling, Nonlinear Functional Analysis, Springer-Verlag, 1985. [DB] D. van Dults and B. Sims, Fixed Points of Nonexpansive Mappings and Chebyshev Centres in Banach Spaces with Norms of Type KK, LNM 991, Springer-Verlag, 1983.

[DG] J. Dugundgi and A. Granas, Fixed Point Theory, PWN-Polish Scientific Pub., 1982. [DGJ] T. Domínguez Benavides.,J. García Falset and M.A. Japón Pineda, The τ-Fixed point property for nonexpansive mappings, Abstract and applied Analysis vol. 3, nos 3-4 (1998), 343-362.

[DGZ] R. Deville, G. Godefroy and V. Zizler, Smoothness and renorming in Banach spaces (1993), Pitman Monogrphs and Surveys in pure and Applied Mathematics 64.

[DJ] T. Domínguez Benavides and M.A. Japón Pineda, Opial modulus, modul of noncompact convexity and fixed point for asymptotically regular mappings, Nonlinear Analysis T.M.A. 41 (2000), 617-630.

[DL1] T. Domínguez Benavides and G. López Acedo, Fixed points of asymptotically contractive mappings, J. Math. Anal. Appl. 164 (2) (1992), 447-452.

[DL2] T. Domínguez Benavides and G. López Acedo, Lower bounds for normal structure coefficients, Proc. Royal Soc. Edinburgh 121A (1992), 245-252.

[DLX1] T. Domínguez Benavides, G. López Acedo and H.K. Xu, Weak uniform normal structure and iterative fixed points of nonexpansive mappings, Colloq. Math. LXVIII (1995), 17- 23. [DLX2] T. Domínguez Benavides, G. López Acedo and H.K. Xu, On quantitative and qualitative properties of the space ℓ^{pq}, Houston J. Math. 22 (1) (1996), 89-99.

[Do1] T. Domínguez Benavides, Some properties of the set and ball measures of noncompactness and applications, J. London Math. Soc. 34 (2) (1986), 120-128.

[Do2] T. Domínguez Benavides, Set-contractions and ball-contractions in some classes of spaces, J. Math. Anal. Appl. 136 (1) (1988), 131-140.

[Do3] T. Domínguez Benavides, Some topological properties of the 1-set-contractions, Proc.

Amer. Math. Soc. 93 (2) (1985), 252-254.

[Do4] T. Domínguez Benavides, Normal structure coefficients in L_p-spaces, Proc. Royal Soc.

Edinburgh 117A (1991), 299-303.

[Do5] T. Domínguez Benavides, Weak uniform normal structure coefficients in direct sums, Studia Math. 103 (3) (1992), 283-290.

[Do6] T. Domínguez Benavides, Fixed point theorems for uniformly lipschitzian mappings and asymptotically regular mappings, Nonlinear Analysis T.M.A. (to appear).

[Do7] T. Domínguez Benavides, Modulus of nearly uniform smoothness and Lindenstrauss formulae, Glasgow J. Math. 37 (1995), 145-153.

[Do8] T. Domínguez Benavides, Stability of the fixed point property for nonexpansive mappings, Houston J. Math. (to appear).

[DR1] T. Domínguez Benavides and R.J. Rodriguez, Some geometric coefficients in Orlicz sequence spaces, Nonlinear Anal. 20 (4) (1993), 349-358.

[DR2] T. Domínguez Benavides and R.J. Rodriguez, Packing coefficients in direct sum spaces, Bolletino U.M.I. 7 (9A) (1995), 377-390.

[DX] T. Domínguez Benavides and H.K. Xu, A new geometrical coefficient for Banach spaces and its applications in fixed point theory, Nonlinear Anal. 25 (3) (1995), 311-325.

[DU] D. van Dulst, Reflexive and superreflexive Banach spaces, Mathematische Centrum yr 1978 . Amsterdan.

[F] K. Fan, Extensions of two fixed point theorems of F.E. Browder, Math. Z. 112 (1969), 234-240.

[Ga] J. García-Falset, The fixed point property in Banach spaces with NUS property, preprint. [Gar] A. L. Garkavi, On the best net and the best section of sets in a normed space, Izv. Akad.

Nauk. SSSR, Ser. Mat. 26 (1) (1962), 87-106.

[GGM] I. Gohberg, L.S. Gol’denshteĭn and A.S. Markus, Investigation of some properties of bounded linear operators in connection with their q-norms, Ucen. Zap. Kishinevsk. Un-ta 29 (1957), 29-36.

[GK1] K. Goebel and W.A. Kirk, Topics in Metric Fixed Point Theory, Cambridge University Press, 1990.

[GK2] K. Goebel and W.A. Kirk, A fixed point theorem for transformations whose iterates have uniform Lipschitz constant, Studia Math. 47 (1973), 135-140.

[GL] J.P. Gossez and E. Lami Dozo, Some geometric properties related to the fixed point theory for nonexpansive mappings, Pacific J. Math. 40 (3) (1972), 565-573.

[Go] D. Göhde, Zum Prinzip der kontraktiven Abbildung, Math. Nach. 30 (1965), 251-258. [Go1] K. Goebel, Convexity of balls and fixed point theorem for mappings with nonexpansive square, Compositio Math. 22 (1970), 231-251.

[Gr1] J. Gornicki, A fixed point theorem for asymptotically regular mapping, Colloq. Math.

LXIV (1993), 55-57.

[Gr2] J. Gornicki, Fixed point theorems for asymptotically regular mappings in L^p spaces, Nonlinear Anal. 17 (1991), 153-159.

[GS] K. Goebel and T. Sȩkowski, The modulus of noncompact convexity, Annal. Univ. Mariae Curie-Skłodowska 38 (1984), 41-48.

[Ho] Charles Horvath, Measure of Non-compactness and multivalued mappings in complete metric topological spaces, J. Math. Anal. Appl. 108 (1985), 403-408.

[GW] A.A. Gillespie and B.B. Williams, Fixed point theorem for Banach spaces with uniformly normal structure, Applicable Anal. 9 (1979), 121-124.

[Hu] R. Huff, Banach spaces which are nearly uniformly convex, Rocky Mountain J. Math. 4 (1980), 743-749.

[I1] V.I. Istrăţescu, On a measure of noncompactness, Bull. Math. Soc. Sci. Math. R.S.

Roumanie (N.S.) 16 (64) n.2 (1972), 195-197.

[I2] V.I. Istrăţescu, Fixed Point Theory, Reidel Pub. Co., 1981.

[J] M.A. Japón Pineda , Stabilty of the fixed point property for nonexpansive mappings (1998), Doctoral Dissertation. University of Seville.

[JKP] J. Jaworowski, W.A. Kirk and S. Park, Antipodal Points and Fixed Points, Lecture Notes Series Number 28 at Seoul National University, 1995.

[JL1] A. Jiménez and E. Llorens, Stability of the fixed point property for nonexpansive mappings, Houston J. Math. 17 (4) (1991), 251-257.

[JL2] A. Jiménez and E. Llorens, Opial modulus and stability of the fixed point property, Nonlinear Analysis T.M.A. to appear.

[K] S. Kakutani, Topological properties of the unit sphere of a Hilbert space, Proc. Imp. Acad.

Tokyo 14 (1943), 242-245.

[Ka1] L.A. Karlovitz, Existence of fixed points of nonexpansive mappings in a space without normal structure, Pacific J. Math. 66 (1976), 153-159.

[Ka2] L.A. Karlovitz, On nonexpansive mappings, Proc. Amer. Math. Soc. 55 (1976), 321-325. [Kh1] M.A. Khamsi, Étude de la Propieté du Point Fixe dans les Espaces de Banach et les Espaces Métriques, Ph. D. Dissertation, University of Paris VI, 1987.

[Kh2] M.A. Khamsi, On the stability of the fixed point property in ℓ_p, Rev. Colombiana Mat.

28 no. 1 (1994), 1-6.

[Kh3] M.A. Khamsi, On uniform Opial condition and uniform Kadec-Klee property in Banach and metric spaces, Nonlinear Anal. 26 no. 10 (1996), 1733-1748.

[Ki1] W.A. Kirk, A fixed point theorem for mappings which do not increase distances, Amer.

Math. Monthly 72 (1965), 1004-1006.

[Ki2] W.A. Kirk, Fixed Point Theory for Nonexpansive Mappings, LNM 886, Springer-Verlag, 1981.

[Ki3] W.A. Kirk, An abstract fixed point theorem for nonexpansive mappings, Proc. Amer.

Math. Soc. 82(4) (1981), 640-642.

[KL1] D.N. Kutzarova and T. Landes, Nearly uniform convexity of infinite direct sums, Trans.

Indiana Univ. Math. J. 41 (1992), 915-926.

[KL2] D.N. Kutzarova and T. Landes, NUC and related properties of finite direct sums, Bolletino U.M.I. 8 no. 1 (1994), 45-54.

[KMP] D.N. Kutzarova, E. Maluta and S. Prus, Property (β) implies normal structure of the dual space, Rend. Circ. Mat. Palermo 41 (1992), 353-368.

[KP] D.N. Kutzarova and P.L. Papini, On a characterization of property (β) and LUR, Bollettino U.M.I. (7) 6-A (1992), 209-214.

[Kr] M.A. Kranosel’skiĭ, Topological Methods in the Theory of Nonlinear Integral Equations, Pergamon Press, 1964.

[KT] M. A. Khamsi, Ph. Turpin, Fixed points of nonexpansive mappings in Banach lattices, Proc. Amer. Math. Soc. 105(1) (1989), 102-110.

[Ku1] K. Kuratowski, Sur les espaces completes, Fund. Math. 15 (1930), 301-309. [Kuz] Kuzumov, Opials modulus and fixed point of semigroup of mappings, prepint. [L] E.A. Lifshitz, Fixed point theorems for operators in strongly convex spaces (Russian), Voronez. Gos. Univ. Trudy Mat. Fak. 16 (1975), 23-28.

[L1] T. Landes, Permanence properties of normal structure, Pacific J. Math. 110 (1984), 125-143.

[L2] T. Landes, Normal structure and the sum-property, Pacific J. Math. 123 (1986), 127-147. [Le] C. Lennard, A new convexity property that implies a fixed point property for L_1, Studia Math. 100(2) (1991), 95-108.

[Li1] T.C. Lim, Asymptotic centres and nonexpansive mappings in conjugate Banach spaces, Pacific J. Math. 90 (1) (1980), 135-143.

[Li2] T.C. Lim, On the normal structure and related coefficients, Pacific J. Math. 111 (1984), 357-369.

[Ln] P.K. Lin, Stability of the fixed point property of Hilbert spaces., Proc. Amer. Math. Soc.

127 (1999), 3573-3581.

[LT] E. Lami Dozo, Ph. Turpin, Nonexpansive mappings in generalized Orlicz spaces, Studia Math. 86 (1987), 155-188.

[LTX] P.K. Lin, K.K. Tan and H.K. Xu, Demiclosedness principle and asymptotic behavior for asymptotically nonexpanxive mappings, Nonlinear Anal. 24 (1995), 929-946.

[Ma] E. Maluta, Uniformly normal structure and related coefficients, Pacific J. Math. 111 (2) (1984), 357-369.

[MM] D.P. Milman and V.D. Milman, The geometry of nested families with empty intersectionstructure of the unit sphere of a nonreflexive space, Trans. Amer. Math. Soc. 85 (2) (1969), 233-243.

[N] R.D. Nussbaum, The radius of the essential spectrum, Duke Math J. 37 (1970), 473-478. [O1] Z. Opial, Weak convergence of the sequence of sucessive approximations for nonexpansive mappings, Bull. Amer. Math. Soc. 73 (1967), 591-597.

[O2] Z. Opial, Lecture notes on nonexpansive and monotone mappings in Banach spaces, Center for Dynamical Systems (Brown University), 1967.

[O3] Z. Opial, Continuous parameter dependence in linear sistems of differential equations, J.

Diff. Eq. 3 (1967), 88-91.

[P] G. Peano, Démonstration de l’intégrabilité des équations différentielles ordinaires, Math.

Ann. 37 (1890), 182-228.

[Pa] J.P. Partington, On nearly uniformly convex Banach spaces, Math. Proc. Camb. Phil.

Soc. 93 (1983), 127-129.

[Po] H. Poincaré, Sur les courbes définies par les équations différentielles IV, J. Math. Pures et Appl. 2 (1886), 151-217.

[Pr1] S. Prus, On Bynum’s fixed point theorem, Atti. Sem. Mat. Fis. Univ. Modena. 38 (1990), 535-545.

[Pr2] S. Prus, Banach spaces with the uniform Opial property, Nonlinear Anal. 18 (1992), 697-704.

[Pr3] S. Prus, A remark on a theorem of Turett, Bull. Polish Acad. Sci. Math. 36 (5-6) (1988), 225-227.

[Pr5] S. Prus, Nearly uniformly smooth Banach spaces, Bolletino U.M.I. (7) 3 B (1989), 507- 521.

[Re] S. Reich, Fixed points condensing functions, J. Math. Anal. Appl. 41 (1973), 460-467. [Ro] R.J. Rodríguez Alvarez, Relaciones entre Operadores Asociados a Distintas Medidas de no Compacidad, Ph. D. Dissertation, University of Sevilla, 1993.

[S] J. Schauder, Der Fixpunktsatz in Funktionalraumen, Studia Math. 2 (1930), 171-180. [Sa1] B.N. Sadovskiĭ, On a fixed point principle, Funkt. Anal. 4 (2) (1967), 74-76. [Sa2] B.N. Sadovskiĭ, Measures of noncompactness and condensing operators (Russian), Problemy Mat. Anal. Sloz. Sistem. 2 (1968), 89-119.

[Se1] T. Sȩkowski, Functional Analysis and Approximation, Pitagora Editrice Bologna (Edited by P.L. Papini), 1988.

[Se2] T. Sȩkowski, On normal structure, stability of fixed point property and the modulus of noncompact convexity, Rend. Sem. Mat. Fis. Univ. Milano LVI (1986), 147-153.

[Sim] B. Sims, Notes on fixed point property, Queen’s University Seminar (1982). [Sm] D.R. Smart, Fixed Point Theorems, Cambridge University Press, 1974. [SS] T. Sȩkowski and A. Stachura, Noncompact smoothness and noncompact convexity, Atti.

Sem. Mat. Fis. Univ. Modena 36 (1988), 329-338.

[ST] M.A. Smith and B. Turett, Some examples concerning normal and uniform normal structure in Banach spaces, J. Austral. Math. Soc. 48A (1990), 223-234.

[W1] J.R.L. Webb, On seminorms of operators, J. London Math. Soc. 7 (2) (1973), 337-342. [W2] J.R.L. Webb, On a property of duality mapping and the A-properness of accretive operators, Bull. London Math. Soc. 13 (1981), 235-238.

[WW] J.H. Wells and L.R. Williams, Embeddings and Extensions in Analysis, Springer-Verlag, 1975.

[WZ] J.R.L. Webb and W. Zhao, On connections between set and ball measures of noncompactness, Bull. London Math. Soc. 22 (1990), 471-477.

[Z] E. Zeidler, Nonlinear Functional Analysis and its Applications I, Springer-Verlag, 1986. [Zh1] W. Zhao, Geometrical Coefficients and Measures of Noncompactness, Ph. D. Dissertation, University of Glasgow, 1992.

[Zh2] W. Zhao, Remarks on various measures of noncompactness, J. Math. Anal. App. 174 (1993), 290-297.