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For the numerical solution of nonlinear wave equations, one has to approximate the partial deriva-
tives with respect to time as well as space coordinates. Local or global methods can be used for
this reason. The most typical example of local methods is the finite difference method. The dis-
crete Fourier transform related pseudospectral method is a popular example of global methods. In
the present paper application of another global method, the Haar wavelet method (HWM) [1], is
discussed. According to the HWM, the highest order derivative included in the differential equa-
tions is expanded into the Haar series and the lower order derivatives are approximated making use
of integration. Lepik developed the integration techniques for the HWM (see [1] and references
therein)

We used the Korteweg–de Vries, the modified Korteweg–de Vries, the sine–Gordon, and the
Burgers’ equations as model equations. In the classical case, application of the HWM means, that
both, the spatial and the temporal partial derivatives are approximated making use of Haar wavelets.
However, an approach where Haar wavelets are used only for approximation of spatial derivatives is
used in the present contribution. For integration with respect of time variable, standard ODE solvers
are used here. In order to improve the efficiency of the method the higher order HWM (HOHWM) is
worked out in [2]. For further improvement of the efficiency of the method, the HOHWM should be
used on static nonuniform as well as on adaptive grids [3]. Specific examples will be given during
the presentation.

In conclusion. It appeared, that the adaptive HOHWM is a good tool for solving nonlinear PDEs
having abrupt changes in the solution. The method allowed obtaining results of higher accuracy
than the uniform or static nonuniform grid HOHWM. This significantly decreases the computational
complexity needed to obtain results of a certain accuracy.
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Elastic membranes are often used as didactic demonstration of gravitation from the 
general relativity perspective. Indeed, trajectories of rolling spheres such as billiard balls 
influence each other through the deformation their mass print within the membrane 
tissue as would the space-time curvature of gravity. The analogy is pushed here using 
membrane waves. Indeed, rules of topology apply to masses and waves. We show 
through experiments and curved manifold simulations that wave propagation due to 
topological deviation of a two-dimensional flat fabric membrane, justifies classical 
analogy with gravitational lenses. This allows revisiting through membrane waves, the 
famous 1919 Eddington experiment that demonstrated light deviations of stars in the 
vicinity of the sun. It is our hope that the experiment described here will provide new 
insight for the testing of geometry effects on wave propagation. Also, inspired by acoustic 
metamaterials, it is our hope to use a more correctly constructed membrane to observe 
quantified exchanges of geometric waves with their elementary mesh. 

 

 

Figure : Near a massive object, deviation of light rays (left)  and plane wave aberration 

(right). 
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In cell biophysics, much attention is recently paid to the analysis of mechanical deformation of
biomembranes. It has been shown by many experiments that an electrical nerve signal is accompa-
nied by a mechanical wave. The exact role of the mechanical processes in nerve signalling is still an
open question.

From the structural viewpoint, the biomembranes are built up by bilayers of phospholipids, which
can be viewed as microstructured solid. In terms of continuum mechanics, such biomembranes could
be compared with microstructured materials [1]. In unmyelinated biomembranes, the longitudinal
mechanical waves are described by the improved Heimburg-Jackson (iHJ) equation [2, 3] involving
amplitude-dependent nonlinearities and dispersive terms due to elasticity and inertia of the lipid
structure (microstructure).

Most nerve axons in mammals are myelinated and in recent decade it has become clear that
a myelin sheath plays a far greater role in nervous function than that of an insulation [4]. The
structure of the myeline in simplified terms is composed of several bilayers glued together with pro-
teins. For describing the longitudinal waves in the myelinated biomembrane, a novel mathematical
model is proposed based on physical considerations and experience from continuum mechanics of
microstructured materials with several scales [1]:

UTT = c23UXX +NUUXX +MU2UXX +NU2
X + 2MUU2

X−
H1UXXXX +H2UXXTT − µ3UT + F3(Z, J, P ) +A4ΦX ,

ΦTT = A1ΦXX −A2Φ −A3UX .

(1)

Here U = ∆ρ is the longitudinal density change, c3 is the sound velocity in the unperturbed state,
N ,M are nonlinear coefficients, Hi are dispersion coefficients and µ3 is the dissipation coefficient.
The influence of the myeline sheath is modelled by field Φ and Ai are dimensionless parameters.

This model involves two wave operators: one describing the process in a single bilayer and
another – the process in a structure with multiple layers. The dispersion analysis of this model
demonstrates the role of higher-order dispersive terms that influence the phase and group velocities.
The numerical analysis is carried out by using the pseudospectral method [5]. The physical effects
involve the narrowing of a pulse and the possibility of emerging an oscillatory package of waves.
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Discrete breathers are localized vibrations in nonlinear lattices that can be mobile. The observation of 

breathers in -q representation, especially in the moving frame, has revealed to be very useful [1]. It 

was refined considering the frequencies in the moving frame [2]. In systems with a substrate potential, 

the generic solution is a breather joined to a wing, that is, an extended wave that travels with the 

breather [2].  

 

Fig. 1: The -q representation of a 2D breather coupled to a soliton travelling parallel to the k1-  

axis. It consists of two planes parallel to the k2-axis, that is, with ∂/∂k2=0. Both planes cut the 

ω-axis at their frequency in the moving frame, equal to zero for the soliton and different from zero 

for the breather.  

However, the theory had only been developed in one dimension. In this paper we extend it to two 

dimensions and apply it to a system that models the cation layer of silicates [3]. Breather lines 

transform in breather planes and it is revealed that breathers may have attached a soliton, 

depending on the initial conditions.  
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Using high frame-rate ultrasound and < 1µm sensitive motion tracking we showed shear waves
sent to the ex vivo brain developing into shear shock waves, with destructive local accelerations [1].
Here shear shock waves are propagated in the in vivo brain and the local biomechanics are imaged.
Post injury, functional ultrasound imaging sequence were used to image the neurovascular response
and functional connectivity matrix in the brain for four hours. This combined imaging approach
provides a direct link between the local high-rate biomechanics and injury progression. Evidence
is presented supporting the hypothesis that shear shock waves are responsible for deep traumatic
brain injuries. A craniectomy was performed in the porcine head. A plate source was attached to
the brain and vibrated using a 50Hz pulse at 39g by coupling to an electromechanical shaker. The
moving brain was at 2900 images/s, using a custom imaging sequence with 8 interleaved wide beam
emissions. Beamformed images were tracked for shear shock wave motion. Post impact, the brain
was imaged using high frame-rate Doppler sequences (MS-250 probe, plane-wave compounding
at 2000 images/s during 10 sec bursts every 1 min, for 180 mins). The Doppler spectrum was
calculated from the beamformed RF data and power Doppler images were obtained at 7.5 images/s.
Activation maps were calculated between the resting power Doppler and each power Doppler image
as a function of time. Post euthansia, the brain was removed, fixed (10% formalin) and sectioned.
Amyloid-beta precursor protein (bAPP) was used to stain the axonal pathology.

Shear shock waves were
observed in the porcine
brain 5.4mm from the
plate with a peak ac-
celeration of 155g from
a 39g impact. Com-
puter simulations of this
nonlinear wave propaga-
tion were performed us-
ing our custom solver [2]
and a convincing match
between the two was ob-
served for this in situ con-

figuration. The average activation from the functional imaging showed a progressive 41% decrease
in the injured side of the brain with respect to the control side, which remained stable. The bAPP
staining showed axonal damage between 6 - 11 mm from the brain surface, consistent with the
location of ultrasonic imaging of shear shock waves.
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