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Bright and dark breathers

« What is a discrete (bright) breather?

» Localized, periodic oscillations in a discrete
system.

max|u, (t)| < ke oI

« What is a discrete dark breather?
 One oscillator with small amplitude
A bakground of excited oscillators

» Do exist dark breathers?
 Are they stable?
« Relationship with dark solitons?
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Bright soft breathers

1-site breathers. Cubic on-site potenttial. Coupling 0.04

Stacking interaction Dipole interaction

Amplitudes

10 15 10 15
Particles Particles
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Dark cubic breathers
Coupling £ = 0.023

Dipole coupling

Stacking coupling

Amplitudes

Particles Particles
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Hamiltonian
« Hamiltonian

I — Z(% 2 4+ V(uy) + e W(u)

u = (uy, Uz, ..., Uy)

 Cubic on-site potential and stacking, harmonic
coupling

Alvarez, Archilla, Cuevas and Romero, 2002 — p.5/39



Equations and codes

« Dynamical equations

Uy + V' (up) +e(2uy — up_1 — Upy1) =0

 Anticontinuous limit e = 0
 Time-symmetric solutions: u,,(—t) = u,(t)
» With given frequency wy
» Two oscillator states
o Atrest: u, =0
code: o, = 0
 Excited: u,, + V'(u,) =0
code o, = +1 ifu,(0) <0
code o, = —1 ifa,(0) >0
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Different breather s and codes
e One-site breather

oc=1{0,...,0,1,0,...,0}
« Symmetric double breather
c=1{0,..,0,1,1,0,...,0}
» Phonobreather
c={1,1,...,1,1}
» One-site, dark breather

o=1{1,..,1,0,1,...,1}
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Mackay and Aubry theorem

« Hypotheses:
» The excited oscillators are nonlinear at w;

o, -
(W)w% £ () for [ = ;/gn d¢,

 No harmonic coincides with the linear
frequency

pwy # wo = /V"(0) VpeN
 Result: There exist solutions for ¢ # 0,
» For any code
« Exponentially localized (one-site breather)
« Stable for 0 < € < €/, (one-site breather )
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Conclusion:

Dark breathers exist

- Up to what coupling?
. Arethey stable?
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Stability analysis
e Perturbations & ()
ln(t) = un(t) + &a(t) With &,(2) € C
* Newton operator
))& =
fn T v”(un) gn T 5(257’& — fn—l — €n+1)
o V"(u(t)) and N with period T}, = 27 /wy,
 Eigenvalue equation

» Perturbations: eigenfunctions of A/ with
eigenvalue £ = 0

Alvarez, Archilla, Cuevas and Romero, 2002 — p.10/39



Floquet operator

(e ) =5 (o))

* Flogquet multipliers A ;= eigenvalues of F
- Stability in dissipative systems: |\;| < 1
 Properties in real Hamiltonian systems:

o Folsreal:
Aj € spec(Fo) = A; € spec(Fo)

» Fo Is symplectic:
A\; € spec(Fp) = 1/)\; € spec(Fo)

» Stability: |\;| = 1 or \; = €%, 0; real

Alvarez, Archilla, Cuevas and Romero, 2002 — p.11/39



Some Floguet multipliers

Floquet multipliers with cubic potential and stacking interaction

Bright breather. Coupling: €=0.1 Dark breather. Coupling: €=0.004
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Multipliers at zero coupling

» General:
Double A\ =1+ 0i<=N-u(t) =0

At zero coupling:
» Oscillators at rest: &, + w2 &, = 0

_ FiweTy _ 6:I:i27ru}0/<,ub #1

- Excited oscillators: &, + V" (u,(t)) &, = 0
Double A\=1< N, - u,(t) =0
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Possible instability bifurcations

Collisions of multipliers:

« Harmonic bifurcations:
2 multipliersat \=1o0r6 =0

o Subharmonic bifurcations:
2 multipliersat \ = —1orf=+nx

 Krein crunches (oscillatory instabilities)
4 multipliers at \. = e*
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Kren signaturerestrictions

Krein signature: k() = sign(i (¢ - € — ¢ - €))
¢(t) eigenfunction with multiplier ¢!
 Rest oscillators at zero coupling

k(£2mwy/wp) = 1

 Excited oscillators at zero coupling
k=0 <« &(t)isreal

Krein condition:
It iIsnot possible a bifurcation involving two multipliers
with Krein signatures of the same sign.
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Multipliers at zero coupling

Floguet multipliers at zero coupling

Bright breather Dark breather
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Multiplierswith coupling

Floquet multipliers with cubic potential and stacking interaction

Bright breather. Coupling: €=0.1 Dark breather. Coupling: €=0.004
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Aubry’sband theory

 Eigenvalue equation for the Newton operator

N(u(?),e) - £(¢) = E £(t)
* Floqguet operator 5
{gn(Tb)} _ {fn(o)}

« N commutes with P: P -£(t) =&(t+Tp)
» The eigenfunctions are Bloch functions

@) = Tx@), o x@t+Ty) = x()
» Bloch Floquet multiplier ¢'?, § € C
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Band structure

- Setof pOintS (‘917 E)7 (‘927 E)7 R (‘92]\77 E)1
when 6,, 1s real

 Properties
» symmetric with respect to 0.

E(—-0) = E(9)
» Reduced to the first Brillouin zone:
0 € |—m, |

« Band formulation of breather stability:
A breather Is stable If there are 2 NV band
Intersections with the axis £/ = 0.

Alvarez, Archilla, Cuevas and Romero, 2002 — p.19/39



Bands at zero coupling

» Restoscillators: &, + w?&, = E¢&,
. Solutions: ~ &£X(t) = TV Et

. Floguet multipliers: e* 'V« T,
 Floquet arguments:

9:::\/w8—ETb:::\/w§—E%u—7g

2
» Bands: FE =wi — W} (%)

reduced at § € |—m, ]

« Excited oscillators
» Deformation of the rest bands
« Bands aretangentto £ =0atfd =0(\=1)
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Oneoscillator bands

Bands scheme for excited (blue) and rest (red) oscillators

Soft potential Hard potential
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Band instability bifurcations

Bands loose intersection points with the £ = 0 axis

« Harmonic bifurcations:
A band tangent at 8 = 0 separates

o Subharmonic bifurcations:
A band tangent at ¢ = 4 separates

 Krein crunches (oscillatory instabilities)
A band tangent at £6 £ 0 ;0 # £ separates

Band interpretation of the Krein signature

* k(0) = —sign ((%)E—())

 Eigenvalues with the same sign of £ belong to
different bands and cannot bifurcate.
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Bands scheme at zero coupling

Bands scheme for bright and dark breathers with soft potential

Bright breather Dark breather
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Bands movement

 With stacking coupling the bands move upwards,
and dark breathers are unstable
« How can the bands move downwards?
» Changing the sign of the coupling:
iy + Vi(u,) — e (2up — Upir — Up_q) =0
« Equivalently, with dipole—dipole interaction:
iy + Vi (uy) + € (Upy1 + up1) =0

H = Zn (%u% + V(un) T

5 (up iy + upy uy))
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Calculated bands

Band structure. Cubic potential. Zero coupling
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Bright breather bands

Band structure. Cubic potential. Stacking coupling: €=0.05
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Dark breather bands

Band structure
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Corresponding multipliers

Floquet multipliers with cubic potential and stacking interaction

Bright breather. Coupling: €=0.1 Dark breather. Coupling: €=0.004
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Stable dark breather

Floquet multipliers. Morse potential. Dipole coupling:€=0.024
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With Mor se potential

Band structure. Morse potential. Dipole coupling:€=0.024
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Band mixing zoom

Zoom of the band mixing
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M ore bifurcations
Krein crunches and subharmonic bifurcations

Band structure. Morse potential. Dipole coupling €=0.055
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Corresponding multipliers

Krein crunches and subharmonic bifurcations

Floguet multipliers. Morse potential. Dipole coupling:€=0.035
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Soft breatherssummary

» There are no stable dark breathers with stacking
coupling

» There are stable dark breathers with
dipole—dipole coupling

« Instability bifurcations

 Krein crunches (oscillatory instabilities)
* due to the mixing of the bands
« smaller in larger systems

» Subharmonic bifurcations at A = —1
* bring about breather instability

» With symmetric soft, on-site potential:

V(un) = %uozz = iui

e there are no subharmonic bifurcations
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Symmetric soft potential

Band structure. Potential —(p4. Dipole coupling: €=0.01
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With hard potential
ot V(up) = sul + su,

Bands scheme for excited (blue) and rest (red) oscillators

Soft potential Hard potential
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Hard breather bands

Band structure. Potential +cp4. Stacking coupling: €=0.01
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Har monic instabilities

Band structure. Potential +cp4. Stacking coupling: €=0.03
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Hard breatherssummary
 There are no stable dark breathers with
dipole—dipole coupling

* There are stable dark breathers with stacking
coupling

« Instability bifurcations:
-Harmonic bifurcations at A\ = +1

Future developments
 Evolution of the unstable dark breathers
 Other dark breathers types
 Physical implications

GFENL  http://www.us.es/gfnl
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